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CHAPTER I

Introduction

In this dissertation, we consider the asymptotics of discrete Toeplitz determinants.
We first show how one can convert this question to the asymptotics of continuous
orthogonal polynomials by using a simple identity. We then apply this method to the
width of nonintersecting processes of several different types. The asymptotic results
on width can be naturally interpreted as an identity between the Airy process and
the Tracy-Widom distribution from random matrix theory. We also prove several
variations of this interesting identity:.

Some parts of this thesis had already been published. Some portions of Chapters
I1, IIT and V were published in [14, 15]. The contents of Chapter IV and some parts

of Chapter V are going to be included in [59, 30].
1.1 Discrete Toeplitz Determinant

dz
2miz

Let f(z) be an integrable function on the unit circle ¥ and let fi, := [, 27" f(2)
be the Fourier coefficient of f, k € Z. The n-th Toeplitz determinant with symbol

f(z) is defined to be

(1.1) Ta(f) = det (f5-1)jxlp -

Toeplitz determinants appear in a variety of problems in functional analysis, ran-



dom matrices, and many other areas in mathematics and physics. One of the most
interesting questions is the asymptotic behavior of 7,,(f) as n — oo. The first asymp-
totic result for Toeplitz determinants was obtained by Szeg6 in 1915 [71]. He proved

that if f is a continuous positive function on ¥, then

dz
2miz

(1.2) lim 1og () = [ Tox(/(2)

A few years after the Szeg6’s paper appeared, the correction term to (1.2) for a
certain specific function f became an important question. This question was raised
in the context of the two dimensional Ising model [61]. Szegd improved his previ-
ous argument and obtained a refined asymptotic result in [73], which is now called

the Szegd’s strong limit theorem: if f is positive and the derivative of f is Holder

continuous of order a > 0, then

(1.3) lim Tulf) exp (Zk \(logf)k|2> ,

n—oo en(Ing)O o =1

where (log f)x denotes the k-th Fourier coefficient of log f.
This result was generalized for a much larger class of functions over the following
many years. For example, if V(z) = log(f(z)) is a complex-valued function with

Fourier coefficients Vj, satisfying

(1.4) > K| Vi]? < oo,
keZ
then [49]
.
(1.5) lim Tale?) — et KVieVoi

n—00 e”VO
Another direction of generalizing (1.3) has been to consider the case when f
contains singularities. Fisher and Hartwig [40] introduced the following class of

symbols:

(1.6) f(Z) _ 6v(z)ZE§';o Bj H |Z _ Zj|2ajgzj,ﬁj (Z)Zj_ﬁj
=0



where
(1.7) zj=e€% j=0-- m, 0=0<---<86, <2,
€™, 0 < argz < 0,
(1'8) gz]‘,ﬂj(z) =
e~ 0; <argz < 2m,
1 , -
(1.9) Ra; > —= j=0,---,m, B =B, ,Bm) € C™",

27

and V(z) is sufficiently smooth on 3. They conjectured that for these symbols
(1.10) Tolf) = EnXi=ol@i =)o (1 4 o(1))

as n — 0o, where E = FE(e¥, ag,  ,m, Bos** s Bms 0o, -+ , 0y is an explicit func-
tion independent of n.

This conjecture was proved by Widom [79] for the case when fy = --- = 3, = 0.
Widom’s result was then improved by Basor [18] for the case when R3; = 0,j =
0,---,m, and Bottcher, Silbermann [24] for the case when [Ra;| < %, 1RB;| < %,j =
0,---,m. Finally Ehrhardt [38] proved the full conjecture under the following two
additional conditions |||8||| < 1 and o;£3; # —1, =2, - for all j, which were known

to be necessary beforehand. Here

(1.11) I181ll = max [Rf; — Rpy.

If the condition |||8]|| < 1 is not satisfied, 7,(f) does not necessarily satisfy the

asymptotics (1.10). For general /3, the asymptotics of 7,(f) was conjectured to be

(1.12) Tolf) =Y Ra(f(D)(1 + 0(1))
B



by Basor and Tracy [19], where R,(f(5)) is the right hand side of (1.10) after re-
placing 8 by B , the sum is taken for all B which is obtained by taking fintely many
operations (a,b) — (a — 1,0+ 1) for any two coordinates in 3 such that |||5]|| < 1,
and o + Bj # —1,—2,--- for all j. This conjecture was proved recently by Deift, Its
and Krasovsky [34].

The function f(z) sometimes contains a parameter, say ¢, and it is interesting to
consider the double scaling limit of 7,,(f) as n and ¢ both tend to infinity. This also
has been studied for various function f. For example, in [9] the authors considered
the distribution of the longest subsequence of a random permutation, which can be

24271)

expressed in terms of a Toeplitz determinant with weight f(z) = el . It turns

out that the double scaling limit of this Toeplitz determinant multiplied by et
when the two parameters satisfy n = 2t + 2t/ is equal to the GUE Tracy- Widom
distribution Foyp(x). Foup is a distribution which appears in random matrix theory,
see Section 1.2 for more details.

In the cases above, the symbol f was assumed to be continuous. One of the goals
of this dissertation is to study the asymptotic behavior of the Toeplitz determinant
when its symbol is discrete. Let D be a discrete set on C, and let f be a function on
D. The discrete Toeplitz determinant with measure ) 5, f(2) is defined as

n—1
(1.13) To(f, D) := det (Z Z_j+kf(z)) .
2€D k=0
Of course, the determinant is zero if n < |D|. We assume that |D| — oo as n — oc.

The discrete Toeplitz determinants arise in various models. Some examples in-

clude the width of non-intersecting processes [14], the maximal crossing and nesting

of random matchings [25, 11], the maximal height of non-intersecting excursions

[57, 69, 44, 58], periodic totally asymmetric simple exclusion process [13], etc.



Discrete Toeplitz determinants contain two natural parameters, the size of the
matrix and the cardinality of D. The function f may also contain additional pa-
rameter, say t. It is sometimes interesting to consider the limit of (1.13) when all
these parameters go to infinity. In Chapters II, III, and IV we develop a method
to evaluate the limit of discrete Toeplitz determinants and apply it to the model of

nonintersecting processes.

1.2 Random Matrices, the Airy Process and Nonintersecting Processes

Since the work of Wigner on the spectra of heavy atoms in physics in the 1950’s,
random matrix theory has evolved rapidly and became a prolific theory which has
various applications in many areas including number theory, combinatorics, proba-
bility, statistical physics, statistics, and electrical engineering [60, 3, 43].

One of the most well-known random matrix ensembles is the Gaussian Unitary

Ensemble (GUE). GUE(n) is described by the Gaussian measure

1
(1.14) 76—”trH2dH

n

on the space of n x n Hermitian matrices H = (H;;);';_,, where dH is the Lebesgue

measure and Z,, is the normalization constant. This measure is invariant under uni-

tary conjugations. Its induced joint probability density for the eigenvalues Ay, Ao, - -+, A,
is given by

]_ - —n 2 n
(115) ?He & H ‘)‘i_)‘j‘za ()‘17"' 7>\n> cR )

n =1 1<i<j<n

where Z/ is the different normalization constant.
In the celebrated work [75], Tracy and Widom showed that the largest eigenvalue

of GUE(n), after rescaling, converges to a limiting distribution which is now called



the Tracy-Widom distribution Fgpyg:

. x
(1.16) nlggop (Amax <V2+ W) = Faue(x).
Foug is defined as [75]

(1.17) Favp(x) = det (I — A,)

of the operator A, on L?(x,00) with the kernel given in terms of the Airy function

Ai by
Ai(s)Ad'(t) — Ai'(s) Ai
(1.18) Ay (s1) = i(s)Ad'(t) i'(s) z(t)‘
s—t
It can also be given as an integral [75, 76]
(1.19) Foup(z) =€ [ (s—x)%q(s)%ds

where ¢ is the so-called Hastings-McLeod solution to the Painlevé II equation ¢” =
2¢° + xq ([45, 41]).

It turns out that g is one of the universal distributions in random matrix the-
ory and also other related areas. Even if we replace the weight function e~ by other
general functions e V™| the limiting fluctuation of the largest eigenvalue does not
change generically [36, 33]. Wigner matrices, the random Hermitian matrices with
i.i.d. entries, also exhibit universality to Foyg [70, 74, 39, 62]. Moreover, Fgy g also
appears in models outside random matrix theory, such as random permutations [9],
directed last passage percolations [50], random growth models [64], non-intersecting
random walks [51], asymmetric simple exclusion process [78], etc. These models in
statistical physics belong to the so-called KPZ class (see, e.g., [55, 27]), which is
believed to have the property that a certain observable fluctuating with a scaling
exponent 1/3. It remains as a challenging problem to prove the universality of Foyp

in the general KPZ class.



Let us now consider a time-dependent generalization of GUE. A natural way is
to replace the entries of the GUE by Brownian motions. In this case the induced
process of the eigenvalues is called the Dyson process. In the large n limit, the pro-
cess of the largest eigenvalue converges, after appropriate centering and scaling in
both time and space, to a limiting process. This limiting process has explicit finite
dimensional distributions in terms of a determinant involving the Airy function, and
is called the Airy process. The marginal of this Airy process at any given time is
the Tracy-Widom distribution. Just like Fppg is a universal limiting distribution
of random matrices and random growth models, the Airy process is also a univer-
sal limit process. It appears in the polynuclear growth model [65], tiling models
[53], the totally asymmetric simple exclusion process (TASEP) [52], the last passage
percolation [52], and etc.

The Airy process also arises in nonintersecting processes. It was shown by Dyson
that the Dyson process is equivalent to n Brownian motions, all starting at 0 at time
0, subject to the condition that they do not intersect for all time. As such, the Airy
process also arises as an appropriate limit of many nonintersecting processes such
as Brownian bridges [1], Brownian excursions [77], symmetric simple random walk
[51], and etc. Let X;(t), ¢ = 1,--- ,n, be independent standard Brownian bridges
conditioned that X (t) < Xa(t) < --- < X, (¢) forallt € (0,1) and X;(0) = X;(1) =0
for all = 1,--- ,n. It is known that as n — oo, the top path X, (t) converges to
the curve x = va 0 <t <1, and the fluctuation around the curve in an
appropriate scaling is given by the Airy process A(7) [65]. Especially near the peak

location we have (see e.g. [52], [1])
1 2T
(1.20) ot (X, (54 255 ) = V) > Alr) - 7

in the sense of finite distribution.



In this dissertation we compute the limiting distribution of the so-called width of
nonintersecting processes by using discrete Toeplitz determinants. Let X (¢) (0 <t <
T') be a random process. Consider n processes (X;(t), Xo(t), -+, X,(t)) where X;(?)
is an independent copy of X (¢), conditioned that (i) all the X; starts from the origin
and ends at a fixed position, and (ii) X;(t) < Xa(t) < --- < X,(¢) for all t € (0,7).

Define the width of non-intersecting processes by

(1.21) W, (T) := sup (Xn(t) — X1(1)).

0<t<T

In this dissertation, we first show that the distribution function W,,(T") can be com-
puted explicitly in terms of discrete Toeplitz determinants. We then analyze the
asymptotics by using the method indicated in the previous section. The limiting
distribution of W,,(T'), after rescaling, is exact the Tracy-Widom distribution Feyg.
Combined with (1.20), this result gives rise to an interesting identity between the
Airy process and Fgyp as follows. Since A(7) is stationary [65], it is reasonable to
expect that A(7) — 72 is small when |7| becomes large, and that the width will be

obtained near the time ¢t = % Moreover, intuitively the top curve X, (¢) and bottom

T

5 will become far away to each other. Therefore heuristically

curve X;(t) near t =

the two curves near t = % are asymptotically independent when n becomes large .
These heuristical arguments together with (1.20) suggest that the distribution of the

sum of two independent Airy processes is Fgygp. More explicitly we have

(1.22) P <Sup (A“)(T) + A® (7)> < 21/%) = Foup(x),

TER

where A (7) and A® (1) are two independent copies of the modified Airy process

A(7) :== A(t) — 72. A different identity of similar favor was previously obtained by

IThe asymptotical independence of two variables X, () and X1(t) at t = % for the nonintersecting Brownian
bridges as n tends to infinity is equavalent to the asymptotical indepedence of the extreme eigenvalues of GUE, which
was proved in [20].



Johansson in [52]

(1.23) P |22 sup A(1) < z| = Faop(z),

TER
where Fgop(x) is an analogue of Fgpp for real symmetric matrices. It is natural to

ask if there are more such identities. In Chapter V, we prove 5 more such identities.

1.3 Outline of Thesis

In Chapter II, we first review the connection between Toeplitz determinants and
orthogonal polynomials. We then discuss a simple identity between discrete Toeplitz
determinants and continuous orthogonal polynomials and how this can be used for
the asymptotics. This idea is applied to the width of nonintersecting processes in
Chapter IIT and Chapter IV.

In Chapter III, we consider the width of non-intersecting processes whose starting
points are same as the ending points. We show that the distribution of width can
be represented in terms of discrete Toeplitz determinants. In this case, the asso-
ciated discrete measure is real-valued. The asymptotics of these discrete Toeplitz
determinants is obtained by using the idea developed in Chapter II.

When the ending points of non-intersecting paths are not same as the starting
points, then the associated discrete measure is complex-valued. In this case, the
asymptotic analysis becomes significantly more difficult. In Chapter IV, we con-
sider one such example, and study the asymptotics of associated discrete Toeplitz
determinants. Since there is no general method for the asymptotics of orthogonal
polynomials with respect to complex discrete measure, this example should give us
new insight to this challenging question.

Finally in chapter V, we prove several identities involving the Airy process and

the Tracy-Widom distribution similar to (1.20).



CHAPTER II

Discrete Toeplitz Determinant

2.1 Toeplitz Determinant, Orthogonal Polynomials and Deift-Zhou Steep-
est Descent Method
We first review a basic relationship between Toeplitz determinants and orthogonal
polynomials.
Assume that f(z) is a positive function defined on the unit circle . We define

pe(2) = kpz® + - to be the orthogonal polynomials with respect to f(z)ﬁjz which

satisfies the following orthogonal conditions:

dz
(21) [ G 5 = 50
where §;(k) is the Dirac delta function, and j,k = 0,1, ---. To ensure the uniqueness

of pr(z), we require k; > 0 for all k.

One can construct pg(z) directly via Toeplitz determinants with symbol f:

foo fr o Ja
f foo o Jaem

fk—l fk—2 f—l

1 > P

10
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and po(f) = \/Tlle) Hence k3 = TZZ:EJ(C}), and T,(f) = 11y #n 2 I Too = limy, o0 To(f)
is finite, then we can also express T,(f) = Too(f) ' [ 14z, 2. These formulas provide

one way to obtain the asymptotics of 7T,(f) via the asymptotics of corresponding

orthogonal polynomials.

Remark 11.1. Even if we know the asymptotics of x;, for all k, it could still be
complicated to estimate 7,(f) for n in certain region, where log(ry) has polynomial
type decay. For example, if we consider the asymptotics of T, (f) as n,t — oo when
f(2) = e!=+=™) then we need the asymptotics of orthogonal polynomials for all large
parameters ¢ and n. It is known [9] that |x2 — 1| = O(e*) when 2t/k < 1 — 6y,
and that 2 = eF=2(2t/k)*~2(1+ O(k™)) when 2¢/k > 1+ 0,, where dy, 8, are both
positive constants. Since |log k3| diverges for the second regime, the sum of log
may be complicated if we want to evaluate the asymptotics to the constant term for

some double scaling limits of n and ¢.

The research on the asymptotics of orthogonal polynomials can be traced back
to the 19th century. See [72] for an overview. A powerful method for the study of
asymptotics of orthogonal polynomials with respect to a general weight f was devel-
oped in the 1990’s using the theory of Riemann-Hilbert problems. The formulation
of orthogonal polynomials in terms of Riemann-Hilbert problem was discovered by
Fokas, Its, and Kitaev in [42]. This formulation was first obtained for orthogonal
polynomials on R, but it can be easily adopted to the orthogonal polynomials on 3.
Considered a 2 x 2 matrix Y (z) which satisfies the following conditions:

e Y (z) is analytic on C\ X.

e Y(2)27% =1+ 0O(27') as 2 — co. Here 03 =



12

1 27"f(z)
oY (2)=Y_(2) , for all z € ¥. Here Yi(2) =lim o Y ((1£¢€)z).

0 1

To find Y'(2) satisfying the above conditions is a matrix-valued Riemann-Hilbert
problem. For this specific problem, the solution is given in terms of orthogonal

polynomials

(2.3) o[ e i

—Kpo1Ppo1(2)  —kao1 [y pns 1Z(s 2ms”
where p*_,(2) = 2"p,_1(271). Therefore, if we obtain the asymptotics of Y (z) from
the Riemann-Hilbert problem, we then can obtain the asymptotics of the orthogonal
polynomials.

Deift and Zhou developed a method to obtain the asymptotics of Riemann-Hilbert
problems. This method was further extendedand was applied to the Riemann-Hilbert
Problems for orthogonal polynomials in [36, 35]. The key idea is to find a contour
such that the algebraically-equivalent jump matrix becomes asymptotically a con-
stant matrix on this contour and asymptotically identity matrix elsewhere. By solv-
ing the limiting (simpler) Riemann-Hilbert problem explicitly, one may obtain the
asymptotics of Y (z) as n becomes large. For the Riemann-Hilbert problem for or-

thogonal polynomials when f is analytic on Y, if we use the notation of the so-called

g-function [37, 32|, one can show that
(2.4) Y (2) = e ™Mo/ 2m (2) o3/ 29095 (1 4 (1)),

for z away from X, where [ is a constant and m..(2) is the solution to the deformed
Riemann-Hilbert problem with constant jump. One can further find the error terms
explicitly. See [32] for the more details.

Hankel determinant is an analog of Toeplitz determinant. If f(x) is an integrable

function on R such that [, |¢"f(z)|dz < oo for k = 0,1,---. The n-th Hankel
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determinant with symbol f is defined to be

n—1
(2.5) Hno(f) = det </ xj+kf(x)dx)
R k=0
Similarly to the Toeplitz determinant, we can define the orthogonal polynomials

pr(7) = kpa® + -+ with respect to f(z)dx which satisfies the following orthogonal

conditions

(2.6) / pi(@)py () f () = 8,(K),

for all j,k=0,1,---. Again we require x; > 0. If H,(f) > 0 for all n > 0, one can

show the existence and uniqueness of pi(z). It can be expressed as

(2.7)

Jo fl@)de  [paf(x)de - [paFf(z)d

Jeaf@)de  [ya?f(zx)de - [ 2" f(z)dw

1
= det

P A

Jed* f(x) [paffx)de - [p 2T f(x)de

1 T e z®

for K > 1 and po(x) = Hl(f). As a result, K7 = Hiii@)’ and H,(f) = 1=y 552 =

The Deift-Zhou steepest descent method still works for the asymptotics of orthog-

onal polynomials on the real line.

Example I1.2. If f(z) = e, pr(x) is the Hermite polynomial of degree k, which
is one of the most well-known orthogonal polynomials. The asymptotics of Hermite
polynomials can be obtained directly by using the usual steepest descent method
since it has an integral representation. It can also be obtained by using Deift-Zhou

steepest descent method, see [32] for details.
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In the end, we define the generalized Toeplitz/Hankel determinants and corre-
sponding orthogonal polynomials. Suppose € is a finite union of contours which do

not pass the origin and f is a (complex-valued) function on € such that

(2.8) /ﬁz’ﬁ“(z) Z:Zz

exists. Then define

(2.9 To(£,€) = det ( / z-j““f(z)ﬂ)nl

2miz J ko
for n > 1. Note that this generalized Toeplitz determinant becomes the usual

Toeplitz determinant 7, (f) defined in (1.1) when € is the unit circle.

dz
2miz

The orthogonal polynomials py(2), pr(z) (k= 0,1,--- ,n) with respect to f(z)
on € are defined as follows. Let px(2), pr(z) be polynomials with degree k£ which sat-

isfy the following orthogonal conditions:

dz
2.10 pi(z = 0y
(2.10) |5 =6
for all k,5 = 0,1,--- ,n. Such polynomials exist and are unique up to a constant

factor provided Ti(f,€) # 0 for 1 < k < n + 1. These orthogonal polynomials
also have the three-term recurrence relations and the following Christoffel-Darboux

formula (see [34] for more details)

n—1 non S -

(2.11) > () = = Pl )

for all z,w € C. Furthermore, the following relation between these orthogonal poly-

nomials and the generalized Toeplitz determinants hold: 7,(f, €) = [[r—q krf-
The generalized Hankel determinant is defined similarly

(2.12) Ho(f, €) = det (/€ zj+kdz>n1 .

3,k=0
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The corresponding orthogonal polynomials pg(z) (k= 0,1,--- ,n) satisfy the follow-

ing orthogonal conditions:

(2.13) / pi(Ipe(2) f(2)dz = 64()

for all k,5 = 0,1,--- ,n. Such orthogonal polynomials exist and are unique up to
the factor —1 provided Hi(f,€) # 0 for 1 < k < 2n + 2. It is easy to see that the
three-term recurrence relations and Christoffel-Darboux formula still hold and the

proofs are exact the same as that for the orthogonal polynomials on the real line.

2.2 Discrete Toeplitz/Hankel Determinant and Discrete Orthogonal Poly-
nomials
It is natural to ask the analogous case when the measure is discrete. More explic-
itly, let D be a countable discrete set on C. Suppose f is a function on D. Define
the discrete Toeplitz/Hankel determinant with measure ), 5, f(2) as

(2.14) T.(f,D) := det (Z z_j+kf(z)) ,

z€D 5,k=0

(2.15) H,(f, D) := det (Z zj+kf(z)> :

2€D k=0

We emphasize two important features in addition to discreteness of the associated
measure. The first is that the support of the measure is not necessarily a part of the
unit circle (or real line). The second is that the measure may be complex-valued.
These two changes do not affect the algebraic formulation much, but significantly
increase the difficulty of the asymptotic analysis.

Similarly to the continuous Toeplitz/Hankel determinants, one can find the rela-
tion between discrete Toeplitz/Hankel determinants and discrete orthogonal polyno-

maial.
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For discrete Toeplitz determinants, one introduces the discrete orthogonal poly-
nomials as follows. Let pp(z) = kpz® + -+ and pp(2) = Ar2* + - -+ be the orthogonal
polynomials with respect to the discrete measure ) ., f(2) which satisfy the fol-
lowing orthogonal condition

(2.16) Y ()7 f(2) = 65(k)

z€D

for all j,k = 0,1,--- ,n. If Tp(f,D) # 0 for all 1 < k < n, one can show the

orthogonal polynomials exist and are unique up to a constant factor.

Remark 11.3. When f > 0 and D is a subset of the unit circle, then it is a direct to

check pi(2) = pi(2).
Similarly to the continuous orthogonal polynomials (2.2), one can construct the

discrete orthogonal polynomials py(z) and pg(z) as following:

pe(z) = .
V' Tk(f,D)Ti1a(f, D)
> .en f(2) Yentf(2) o X f(2)
(2.17) > en?  f(2) > e f(2) o Y ep ()
det 5 s z :
ZZED ZikJrlf(Z) ZZED Zﬁk+2f(z) T ZzED Zf(Z)
1 z e Sk
Pz = :
\/Tk(fa D)Tk+1 (fa D)
zZeD f(Z) ZzeD zilf(z) U ZzeD Zikf(z)
(2.18) ZzeD 2f(2) ZzeD f(2) T ZzeD Z_k‘Hf(z)

det : : : )

YT Xeep () 0 YeprT(2)

1 Z_l [N z
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for all 1 <k <n,and po(z) = po(2) = T1(fD)‘
VvV 1
n—-1 —1~-1
k=0 "k Rk -

Therefore one can write T, (f, D) =
In [12], the authors extended the Deift-Zhou steepest descent method to the dis-
crete orthogonal polynomials when D C R. For the case when D C X, we have the

following. Define

(2.19) Y(z) =

where Y3;(2) is given by
(2.20)
ZzeD Z_lf(z) ZzG'D f<Z) e ZzeD Zn_2f(z)

ZzE'D Z_Zf(z) ZzeD Z_lf(z) T ZzE'D Zn_gf(z)
(=1)"
T.(7.D) det

Yo (2 Yep () 0 Eiep ()

]_ z . e anl

Then one can show that Y'(z) is the unique solution to the Riemann-Hilbert
problem which has the following requirements:

e Y(z) is analytic for z € C\ D.

e Y(2)27"3 =1+ 0(27") as 2 — occ.

e At each node z € D, the first column of Y'(z) is analytic and the second column

of Y(z) has a simple pole, where the residue satisfies the condition

)
(2.21) Res,_.Y (') = lim Y (2)) -
2=z 0 0

Similarly, one can find the corresponding Riemann-Hilbert problem for p,(z).
It is of great interests to solve this type of discrete Riemann-Hilbert problem

asymptotically. Consider the case when D is a subset of the unit circle and f(z) =



18

e~ (#) where V(2) is a real function on the unit circle. If we ignore the discreteness,
there is a so-called equilibrium measure dji(z) such that the following energy function

reaches its minimal at g

(2.22) E(p) = —/E/Elog|z—w|du(z)d,u(w) +/EV(z)du(z).

The g-function for the corresponding Riemann-Hilbert problem can be constructed by
using this equilibrium measure. And the asymptotics of the continuous orthogonal
polynomials will also be relevant to py. One can see the relation heuristically as

following. By using (2.2) one can write

(2.23)  pu(z) =C, o2 Li<icjen [7i=2jl=n 3002, VI(zi)+200, log(2—2i) dz1 e dzn
s 2mizy  2miz,

therefore heuristically one may expect that

(2.24) pn(Z) ~ Cne_”QE(”OanE log(z—s)duo(s)‘

Now we take the discreteness into consideration. This condition will give a so-
called upper constraint on the equilibrium measure, which requires that the measure
tio is bounded above by the counting measure |D|~' 3", d.. This restrictions can
be heuristically seen in the discrete version of (2.23) where z;’s are selected from
the nodes set D. In [12], the authors systematically discussed this upper constraint
issue for discrete discrete orthogonal polynomials on the real line R. They remove
the poles and deform the corresponding discrete Riemann-Hilbert problem to a usual
Riemann-Hilbert problem with jump contours. Once the upper constraint condition
is triggered, the g-function will has a so-called saturated region. By deforming the
Riemann-Hilbert problem accordingly one will still be able to obtain the asymptotics
of Y(z) when the parameters go to infinity simultaneously. Their method is also

believed to work for the upper constraint issue on the unit circle X.
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As a result, for the discrete Toeplitz determinant with positive symbol f and D
is a subset of the unit circle, one can find the asymptotics of the discrete orthogonal
polynomials. Furthermore, it is possible to find the asymptotics of T, (f, D) by using
that of discrete orthogonal polynomials. However, there are some limitations of this
approach:

First, even if the upper constraint is inactive, the asymptotics of the discrete or-
thogonal polynomials will have the same leading term with that of the corresponding
continuous orthogonal polynomials. Therefore one would expect some complications
in summarizing log k;’s in certain parameter region, as we mentioned in the Remark
IT.1. We will see from Theorem II.6 that these complicities come from the continuous
counterpart of T,,(f, D).

Second, if the upper constraint is active, we will have new complications coming
from the saturated region. In this case, the leading terms of the discrete orthogonal
polynomials will be different from the continuous orthogonal polynomials. It is not
clear whether one can summarize log x;’s for these k’s.

Finally, in some cases we are interested in the asymptotics of T,(f,D) when
f is not real. In these cases we do not have a good understanding of the upper
constraint or equilibrium measure, hence it is not clear how to apply the techniques
of the saturated region of the equilibrium measure to the corresponding discrete
orthogonal polynomials.

For the discrete Hankel determinant H,,(f, D) we can similarly define the orthogo-
nal polynomials and construct the corresponding discrete Riemann-Hilbert problem.
And we will have similar limitations to find the asymptotics of H,(f,D) by using

that of discrete orthogonal problems, as we discussed above.
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2.3 A Simple Identity on the Discrete Toeplitz/Hankel Determinant

One of the main results of this dissertation is a simple identity on the discrete
Toeplitz/Hankel determinant. This identity expresses the discrete Toeplitz/Hankel
determinant as the product of a continuous Toeplitz/Hankel determinant and a Fred-
holm determinant, as explained below.

We first consider the case of discrete Toeplitz determinant. The case of discrete
Hankel determinant will be stated in the end. To state the identity, let €2 be a
neighborhood of D. Suppose v(z) be a function which is analytic in 2 and D = {z €
Q|y(z) = 0}. Moreover, all these roots are simple. Note that the existence of v is
guaranteed by Weierstrass factorization theorem.! We assume the followings:

(a) f(2) can be extended to an analytic function in . We still use the notation
f(z) for this analytic function.

(b) There exists a finite union of oriented contours € in €2, such that 0 ¢ € and

(2.25) /@ 7' (2) Ff(2)dz = Z Ff(2)

2miy(2) =
for all |k| <n—1.
(c) There exists a function p(z) on € such that the (generalized) Toeplitz deter-

minants with symbol fp

(2.26) Tilfp, ©) = det ( JERICrOr )

2miz ) ;i
exists and is nonzero, for all 1 < k < n.

Remark 11.4. When D is a subset of the unit circle ¥, one can choose € to be the
union of the following two circles both centered at the origin. One is of radius 1+ €

and is oriented in counterclockwise direction. The other one is of radius 1 — € and is

m

1 D= {z1, -+ ,zm} is a finite set, one can define v(z) = [[[*;(z — z;) which is a polynomials.
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oriented in clockwise direction. Here € > 0 is a constant such that f(z) is analytic
within the region enclosed by €. Then (b) is automatically satisfied by a residue

computation.

Remark 11.5. If p(z) is analytic in a neighborhood of €, the continuous Toeplitz
determinants (2.26) and the corresponding orthogonal polynomials are independent

of the choice of €.

Now we are ready to state the main Theorem.
Theorem I1.6. Under the assumptions (a), (b) and (c) above, we have
(2.27) To(f, D) = Talfp, €) det(I + K)

where det(I + K) is a Fredholm determinant defined by

dZO le,1

(228)  det(I+K)=1+Y ll, /C - -Ldet (K (25, 21))

7,k=0 27Ti20 o 27'('@-2[,17
K is an integral operator with kernel

(2.29)
K (zw) = /o)(@) ) () CL2a(@)Pa(z ) = (/)2 pal2)pnw)

1 —zw! ’

dz
2miz

pn(2), Pn(z) are orthogonal polynomials with respect to f(z)p(z)

on €, as we

defined at the end of Section 2.1, and

(2.30) v(z) = ) p(z2).

27iy(2) j,k=0
I R U (O RNV
(2.31) [ - det </¢ Smin (o) PE P () (2)d >j,ko
. N dz \"'
_Hz;é . det <5J(k:) —|—/€pk(2)Pj(Z () f( )27Tiz>j7k07
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where we performed the row/column operations in the second equation and used

the orthogonal conditions of py(2), p;(#) in the third equation. Now we use the well-

known identity det(/+AB) = det(+BA) where A is an operator from L*(%, 32-) to
({0, - ,n —1}) with kernel A(j, z) := p;(27')v(z)f(2) and B is an operator from
({0, ,n — 1}) to L*(Z, ;22 ) with kernel B(z,k) := py(z), and the Christoffel-

Darboux formula (2.11)

(2.32) To(f, D) = —y—— det (1 + f()
k=0 FkFk
where
(2.33) f((z, w) =v(z)f(2) (Z/w)npn(w)ﬁf(_z;l_—l Pn(2)Dp(w ™) '

By applying 7,.(fp,€) = m and a conjugation on the determinant, we have

k=0

(2.34) T (. D) = To(fp, €) det(1 + K).
]

Similarly for the discrete Hankel determinant H, (f, D), let {2 be a neighborhood
of D. Suppose 7(z) be a function which is analytic in 2 and D = {z € Q|y(z) = 0}
is the set of all the roots of v in {2. Moreover, all these roots are simple. We assume
the followings:

(a) f(z) is a non-trivial analytic function on .

(b) There exists a contour € such that (2.25) holds for all 0 < k < 2n — 2.

(c) There exists a function p(z) on € such that the (generalized) Hankel determi-

nants with symbols fp

k—1

(2.35) Hif.0) = dot ([ 2405 01

i,j=0

exists and is nonzero, for all 1 < k£ < n.

We have the following analogous result to Theorem I1.6.
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Theorem I1.7. Under the assumptions (a), (b) and (c) above, then

(2.36) H,.(f,D) = H.(fp,€)det(I + K)

where det(I + K) is a Fredholm determinant defined by

(2.37) det(I+ K):=1+ g} % /¢ . -/Cdet (K (zj, zk))ﬁlzo dzy---dz_1,

K s an integral operator with kernel

(2.38) K(z,w) = \/U(Z)v(w)f(z)f(w)”"—l Pr(2)pn—1(w) — pn_1(z)pn(w)’

Kn z—w
pe(2) = kp2® + -+ is the continuous orthogonal polynomial of degree k with respect
to f(z)p(z)dz on €, k=0,---,n, and
7'(2)
2.39 = — .
(239) o) = g = ol

(2.27) and (2.36) are two simple identities which relate the discrete Toeplitz/Hankel
determinants to the continuous Toeplitz/Hankel determinants. These continuous
Toeplitz/Hankel determinants have natural interpretation as follows. Assume that
(1) D = D,, contains a large parameter m, (2) both € and fp are independent of m,

and (3) v = 7y, satisfies
/
(2.40) lim —mZ)
m=00 p(2)7m(2)
for the Toeplitz case or
/
(2.41) lim —m)

for the Hankel case, for all z € €. Under these three assumptions, we have

(242) Ta(fp.€) = lim T,(f,Dy)
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in Theorem II.6, or
(2.43) Ho(fp, €)= lim H,(f, Dy)

in Theorem I1.7. Therefore, the continuous Toeplitz/Hankel determinants in Theo-
rem I1.6 and Theorem I1.6 can be interpreted as the limit of the discrete Toeplitz/Hankel
determinants as the parameter m of the nodes set goes to infinity. Moreover, the
Fredholm determinant det(1 + K) can be understood as the ratio of the discrete
Toeplitz/Hankel determinant and its continuous counterpart.

Now we discuss an application of these two identities (2.27) and (2.36). They can
be used to analyze the asymptotics of discrete Toeplitz/Hankel determinants as all
the parameters go to infinity. Compared with the approach of discrete orthogonal
polynomials mentioned in the previous section, these two identities have the following
advantages.

The most important advantage of this method is that one can use continuous
orthogonal polynomials instead of discrete orthogonal polynomials to do the asymp-
totic analysis of the discrete Toeplitz/Hankel determinants. As discussed in the
previous two sections, there is a more developed theory for the asymptotics of con-
tinuous orthogonal polynomials than that for discrete orthogonal polynomials. The
Deift-Zhou steepest descent method works for a very general class of weight func-
tions f(z), whereas the saturated region argument works for a less general class
of weight function. Moreover, even if the weight functions f is nice enough, the
asymptotic analysis of continuous orthogonal polynomials is always easier than that
of discrete orthogonal polynomials. Considering these two factors, it is a significant
simplification to convert the problem to continuous orthogonal polynomials.

The second advantage of this method is that the kernel K(z,w) has a nice struc-

ture. It contains a Christoffel-Darboux kernel part which only depends on the con-
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tinuous orthogonal polynomials, and a multiplier part which has singularities on D.
The Christoffel-Darboux kernel arises naturally in the unitary invariant ensembles
of random matrix theory and is well-studied. It turns out to be convergent, after
rescaling, to the so-called sine kernel or Airy kernel in unitary invariant ensembles
[36, 35]. Therefore the asymptotics of the kernel K (z,w) can be obtained similarly.
Moreover, the Christoffel-Darboux structure can be utilized to rewrite the Fredholm
determinant det(1+ K) when the original kernel is ineffective for asymptotic analysis
or the deformation of integral contours is obstructed by the singularities of K. See
Section 4.2.1 for details.

Finally, these two identities give a way to compute the ratio of the discrete Han-
kel /Toeplitz determinants and its continuous counterpart without computing any of
these determinants. Sometimes this ratio has combinatorial meaning and its asymp-
totics is of interests [14, 59, 13]. It turns out that the asymptotics of this ratio can
be computed out even when we do not know or cannot compute the asymptotics of
the continuous and discrete Toeplitz/Hankel determinants.

As an application, we will discuss the following four examples of discrete Toeplitz/Hankel
determinant:

(a) Hy(e7™", Dyy), where Dy = {V2r M ~'n~12k|k € Z}.

(b) T, (ezE=") D), where Dy = {z]M = 1}.

(c) To(z7T(1 + 2)*,Dyy), where Dy = {z|2M = 1}.

(d) T, (z7%"*,Dyy), where Dy = {zM = rM} for certain constant r.

All these examples comes from the models of non-intersecting processes. In the
first three examples, the weight function is real on the set of nodes. And in the
last example, the weight function is complex-valued on the set of nodes. We will

illustrate how the identities (2.27) and (2.36) apply to these models.



CHAPTER III

Asymptotics of the Ratio of Discrete Toeplitz/Hankel
Determinant and its Continuous Counterpart, the Real
Weight Case

In this chapter, we apply the idea discussed in Chapter II to the width of noninter-
secting processes of three different types: Brownian bridges, continuous-time simple

random walk, discrete time simple random walk. The main part of this chapter was

published in [14].

3.1 Nonintersecting Brownian Bridges

Let X;(t), i =1,---,n, be independent standard Brownian motions conditioned
that Xi(t) < Xo(t) < -+ < Xp(t) for all t € (0,1) and X;(0) = X;(1) = 0 for all

i =1,---.n. The width is defined as

(3.1) W, = sup (X,(t) — Xi(1)).

0<t<1
Note that the event that W,, < M equals the event that the Brownian motions
stay in the chamber z1 < x9 < -+- < x, < x1+ M for all t € (0,1). An application of

the Karlin-McGregor argument in the chamber [56, 46] implies the following formula.

Proposition II1.1. Let W, be defined in (3.1). Then

GeE)"
o,

(3.2) P(W, < M)= (f, Ds)ds, flx)=e"",

26
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where

2
My/n

By using Theorem I1.7, the asymptotics of the above probability can be studied

(3.3) D, =Dy, = { (m—s):me Z}.

by using the continuous orthogonal polynomials with respect to e~"*” i.e. Hermite

polynomials. We obtain:

Theorem I11.2. Let W, be the width of n non-intersecting Brownian bridges with

duration 1 given in (3.1). Then for every x € R,

(3.4) lim P (W, — 2y/n)2%*n"/% < 2) = Foyp(x).

n—oo

Remark 111.3. The discrete Hankel determinant H,,(F,Dy) with s = 0 was also ap-
peared in [44] (see Model I and the equation (14), which is given in terms of a multiple
sum) in the context of a certain normalized reunion probability of non-intersecting
Brownian motions with periodic boundary condition. In the same paper, a heuristic
argument that a double scaling limit is F'(x) was discussed. Nevertheless, the inter-
pretation in terms of the width of non-intersecting Brownian motions and a rigorous

asymptotic analysis were not given in [44].

3.2 Proof of Proposition I11.1

We prove Proposition III.1.

Let D, :={zp <21 < -+ < xp1} C R". Fix a = (ag, - ,a,-1) € D, and
B =(Bo, ++,Bn1) € Dy. Let X(t) = (Xo(t), Xq(t), -+, X,_1(t)) be n independent
standard Brownian motions. We denote the conditional probability that X (0) = «
and X (1) = 8 by P, 3. Let 9 be the event that X (¢) € D, for all ¢t € (0,1) and let

My be the event that X (t) € D,(M) = {xg < 21 < -+ < Tp1 < kg + M}. Then

N1)
No)

P(W,, < M) may be computed by taking the limit of g“’gg as a, 5 — 0.
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[T} =0 pla;—B;)

p(z) = Z5=¢ 7. On the other hand, the Karlin-McGregor argument in the chamber

From the Karlin-McGregor argument [56], P, 3() = , where

D,,(M) was given for example in [46] and implies the following. For convenience of

the reader, we include a proof.

Lemma II1.4. The probability P, 5(91) equals

: n—1
3.5 t 4Ne% hipM)|. P
(3.5) | |;L:_01 P(O@‘ Bj) thEZ: det [p( Br + hy, >]J,k70

ho+hi+-+hy_1=0

Proof. For = (Bo,- -+, Pn-1) € Dp(M), let Ly () be the set of all n-tuples (5] +
hoM, -+, B!+ h,_1 M) where (5}, -+, [l,_;) is an re-arrangment of (Sy, - , Bn_1)
and hg,- -+, h,_1 are n integers of which the sum is 0. The key property of Ly ()
is that Ly (8) N D, (M) = {f}. Indeed note that since g € D, (M), we have |3} —
Bil < M for all i,j. Thus if (8y + hoM,---, 53,y + hy 1 M) € D,(M), then we
have hg < --- < h,_1 < hg + 1. Since hg + --+ + h,—1 = 0, this implies that
ho = -+ = h,—1 = 0. This implies that 3} = f; for j and Ly/(8) N D, (M) = {3}

Now we consider n independent standard Brownian motions X (t), 0 < ¢ < 1,
satisfying X(0) = o and X(1) € Ly(8). Then one of the following two events
happens:

(a) X(t) € D,(M) for all t € [0,1]. In this case, X(1) = f.

(b) There exists a smallest time t,,;, such that X(¢,,;,) is on the boundary of
the chamber D,,(M). Then almost surely one of the following two events happens:
(bl) a unique pair of two neighboring Brownian motions intersect each other at
time tpin, (b2) Xp1(tmin) — Xo(tmin) = M. By exchanging the two corresponding
Brownian motions after time ¢,,;, in the case (bl), or replacing Xo(t), X,—1(t) by
Xpn-1(t) = M, Xo(t) + M respectively after time ¢, in the case (b2), we obtain

two new Brownian motions. See Figure 3.1 for an illustration. Define X*(¢) be the
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Figure 3.1: Illustration of exchanging two paths

these two new Brownian motions together with the other n — 2 Brownian motions.
Then clearly, X*(1) € L/ (5). It is easy to see that (X*)*(¢) = X(¢) and hence this
defines an involution on the event (b) almost surely. By expanding the determinant
in the sum in (3.5) and applying the involution, we find that that this sum equals
the probability that X (¢) is from « to 8 such that X (¢) stays in D,(M). Hence
Lemma II1.4 follows. O
Define the generating function
(3.6) g(x,0) =Y pla+ hM)e™?.
heZ

It is direct to check that the sum in (3.5) equals 3% fo% det [g(a; — B, 9)];;;0 de.

Thus, we find that

Pos(M) o Jo¥ det[g(a; — Br, 0)]}, L, db
(3.7) e w0 @
Oévﬁ( 0) det [p(CYj — ﬁk)lj,k:()

By taking the limit «, 8 — 0, we obtain:

Lemma II1.5. We have

(3.8)

Vo " 2 n—1 —ng?2

V(328) Saeny, A@P TS e

P (W, < M) = / My SDhe = s,
0

—1 —na?
foR" A(x)? H?:o e "idx;
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where Dy, s 1= { V2T (1) — 5) im € Z} C R and A(x) denotes the the Vandermonde

My/n
determinant of x = (g, , Tp_1)-
ac2 . . .
Proof. We insert p(z) = %ﬂe’T into (3.6) and then use the Poisson summation

formula to obtain

(3.9) g(x,0) = % Ze 3P —0)? +ia (3P —0)

heZ

Using the Andreief’s formula [4], det [g(co; — S, 8)]?7;0 equals

n—1
1 . 2why n—1 L 27h,
iy (230t -0) iy (25 L5
(3.10) Ve Z det [e M ]j,k:o det [ } L He 2 (57
hezn j=
Since det [exiy’c]z;io = cA(x)A(y)(1 + O(y)) with ¢ = H?;()l % as y — 0 for each z,
we find that
det [g(a; — By, O))732y _ (2m/M)"( D) 2"*1 1
(3.11)  lim 2h=0 _ 3
a,8—0 A () A(B) n!Mn hE%L o
On the other hand, using p(z) = 5= [, e~ Py gy
det [p(ay —ﬁk)r?;io 1 o
3.12 li = A(h)? | | e 2" dh;.
(3.12) a0 2A(a)A(f) (2r)n! /heRn (m*]] e

=0
Inserting (3.11) and (3.12) into (3.7), we obtain (3.8) after appropriate changes of

variables. O

Proposition III.1 follows from Lemma III.5 immediately.

3.3 Proof of Theorem I1I1.2

We apply Theorem I1.7 to Proposition III.1. Set

M
d= de = \/ﬁ

(3.13) =" A

(3.14) Yu(z) = sin (w(dz + s))
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and
(3.15) ¢c=C, ue_

where the direction of €, = R + ¢ with direction from 400 4+ 7 to —oo + 7, and
¢_ =R — ¢ with direction from —co — ¢ to +o0 — i.

Furthermore, we set

d
(3.16) p(z) = i§
which satisfies
/
(3.17) m &)y

Moo 2mip(z)yar (2)
for z € €, as discussed in the paragraph after Theorem I1.7. Note that d™"H,,(f, Dy ) =
H,(d"'f, D). Let p;(x) = kja? +- - - be the orthonormal polynomials with respect
to the weight f(z)p(z) on €, which are exact the same as the orthogonal polynomials

with respect to the weight e™"*" on R (see Remark II.4). Then from Theorem I1.7,

(3.18) P(W, <M)= /01 Py(M)ds, Py(M) = det (1+ K)2¢,0e a) »

where

(3.19) Ky(z,w) = KCD(Aw)vs(z)%vs(w)%e*%“w?),

Here

(3.20) vy(2) = _% -z= ff;frd—wtl))v zely,
T 5 = T, €€

and Kop is the usual Christoffel-Darboux kernel

(3.21) Kep(z,w) = 2=t Pu(#)Pn1 (W) = pra (2)pn(w)

Kn, zZ—w
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We set
(3.22) M = 2y/n + 2723, Y6,

The asymptotic of P;(M) is obtained in two steps. The first step is to find the
asymptotics of the orthonormal polynomials for z in complex plane The second step
is to insert them into the formula of K, and then to prove the convergence of an
appropriately scaled operator in trace class. It turns out that the most important
information is the asymptotics of the orthonormal polynomials for z close to z = 0
with order n=/3. Such asymptotics can be obtained from the method of steepest-
descent applied to the integral representation of Hermite polynomials. However,
here we proceed using the Riemann-Hilbert method as a way of illustration since the
orthonormal polynomials for the other non-intersecting processes to be discussed in
the next section are not classical and hence lack the integral representation.

For the weight e‘”‘”Z, the details of the asymptotic analysis of the Riemann-Hilbert
problem can be found in [36] and [32]. Let Y (2) be the (unique) 2 x 2 matrix which
(a) is analytic in C\R, (b) satisfies Y, (z) = Y_(z)(cl)e*?g) for z € R, and (c)
YV(z) = (14+0(z"1)(% %) as z — oo. It is well-known ([42]) that

Yi1(2) Yo (w) — Yo1(2) Y11 (w) .

(323) KCD<Z, w) = _27_”,(2: — w)
Let
V2
(3.24) g(z) = ! / log(z — s)V2 — s%ds
mJ-va

be the so-called g-function. Here log denotes the the principal branch of the log-
arithm. It can be checked that —g,(z) — ¢g_(z) + 2? is a constant independent of

z € (—v/2,v/2). Set [ to be this constant:

(3.25) L= —g:(2) —g-(2) + 2%, 2 € (-V2,V2).
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Set

B+B8~L 575.—1 L 1/4
(3.26) Meo(2) := ? 2 B(z) = ( \/§> ,

g1 prp! 24?2
2

where the function 3(z) is defined to be analytic in C\[—+v/2,v/2] and to satisfy
B(z) — 1 as z — oo. Then the asymptotic results from the Riemann-Hilbert analysis

is given in Theorem 7.171 in [32]:
(3.27) Y(z)= e*%l‘”(fn + Er(n, z))moo(z)e%lUSe"g(z)“3, z € C\R,

where the error term Er(n, z) satisfies (see the remark after theorem 7.171)

(3.28) sup |Er(n,z)| < ¢l

[Tm z|>n n
for a positive constant C(n), for each n > 0. An inspection of the proof shows that
the same analysis yields the following estimate. The proof is basically the same and

we do not repeat.

Lemma II1.6. Let n > 0. There exists a constant C(n) > 0 such that for each

0<a<l,

C(n)

11—«

(3.29) sup |Er(n,z)| <

z2EDy, n

)

where D, := {z : |Im 2| > L |2+ /2| > n}.

ne’

We now insert (3.27) into (3.23), and find the asymptotics of K. Before we do so,
we first note that the contours €, and €_ in the formula of Ps(M) can be deformed
thanks to the Cauchy’s theorem. We choose the contours as follows, and we call them
Ch and () respectively. Let €'} be an infinite simple contour in the upper half-plane

of shape shown in Figure 3.2 satisfying

(3.30) dist(R,Cy) = O(n~Y3),  dist(£v2,Cy) = O(1).
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C1,out
. C1in L~

2 0 Ve
Ve C2,in .

C 2, 0ut

Figure 3.2: C1 = Clout U CLin, C2 = Caou UCon

Set Cy = (). Later we will make a more specific choice of the contours. Then
from Lemma I11.6, Er(n,z) = O(n=2/3) for z € C; U Cy. Also since B(z) = O(1),

B(z) = O(1), and arg(B(z)) € (—%,%) for z € C; U Cs, we have 56" — O(1) for

B+p1
2 € Cy UCy. Thus, we find from (3.27) that +
(3.31) Yii(2) = e"g@wu +O(n23Y)
and
(3.32) Yo (2) = endtz)nt (O(n_2/3) e =BT — 5(2)1 (1+ O(n—2/3)))

for z € Cy U Cy. On the other hand, from the definition (3.20) of vs and the choice

of C] there exists a positive constant ¢ such that

e27ri(dz+s)(1 4 O(e—Cnl/G))’ o= 01,
(3.33) vs(2) =

e—27ri(dz+s)(1 + O(e—cnl/ﬁ))’ 2z e Cy.

Therefore, we find that for z,w € C; U (5,

(3.34) Kz w) = f1(2) fo(w) — fQ(Z)fl(w)en(j)(z)Jrn(b(w)’

—2mi(z — w)
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where

g(z) — 222+ L1+ W;z, Im(2) > 0,
(3.35) o(2) = o v

9(z) — 222+ 31— f/];inz, Im(z) <0,

and fi, fo are both analytic in C\R and satisfy

eisw ﬁ(Z)JFg(Z)_l (1 + O(f,'L*Z/?’))7 z € Cl,
(3.36) fi(z) =
64371'%(1 + O(n*2/3))’ z € Oy,

e (0(n721%) + P2 (14 0(n 7)) et

(3.37)  falz) =
o—ism (O(n—2/3) My OL Oy O(n_2/3))> , z € Cb.

Note that fi(z), f2(z), and their derivatives are bounded on C; U Cs.
So far we only used the fact that the contours C; and (9 satisfy the condi-
tions (3.30). Now we make a more specific choice of the contours as follows (see

Figure 3.2). For a small fixed ¢ > 0 to be chosen in Lemma II1.7, set
(3.38) S={u+iv: —e<u<e v=n"4u|/V3}
Define C| ;, to be the part of ¥ such that |u| < n~1/4

(3.39) Crin={u+iv: —nV* <u<n™V* v=n"13 4 |u|/V3}.

Define C oyt be the union of ¥\ C;, and the horizontal line segments u + vy,
lu| > € where vy is the maximal imaginary value of ¥ given by vy = n='/3 + ¢//2.
Set C1 = Chin U Clou. Define Cy = C,. Tt is clear from the definition that the
contours satisfy the conditions (3.30).

Recall that (see (3.22)) M = 2y/n 4 272/3n~1/6g where 2 € R is fixed. We have
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Lemma II1.7. There exist ¢ > 0, ng € N, and positive constants c; and co such that

with the definition (3.38) of ¥ with this €, ¢(z) defined in (3.41) satisfies

Re ¢(z) < eynt, z € Crin U Cqn,
(3.40)

Re ¢(z) < —02n_3/4, 2 € O out U O out,

for alln > nyg.

Proof. From the properties of g(z) and [, it is easy to show that g(z) — £2% 4+ 41 =

fzﬂ V52 —2ds for z € C\ (—00,v/2] (see e.g. (7.60) [32]). Thus,

z € Cy.

V2 i
(3.41) o(2) = / Vs?—2ds £ \/%z,

This implies that for ¢ (u) is purely imaginary for z = u € (—v/2,v/2) where ¢
denotes the boundary values from C. respectively. Hence for u € (—\/5, \/5) and
v >0, Reg(u + iv) = Re (¢(u + iv) — ¢4 (u)). For u* + v? small enough and v > 0,

using the Taylor series about s = 0 and also (3.22), we have

u+iv

Re ¢(u +iv) = —Re < Vs?— 2ds> _ My

V2n
1 u+1iv ) A T
= _WIHI g (S + O(S ))dS — 27/6—712/3@.

The integral involving O(s*) is O(|u? + v?>/2). On the other hand,

u

(3.42)

1 u+iv ) TU 1 9 3 Tv
(3.43) — s (/u $ ds) T 9T/6,2/3 _22/33<3u v=vt) - 07/67,2/3"

For z = u + v such that v = n~'/3 4 |u|/v/3 (see (3.38)), (3.43) equals

27/3 21/3 (21/2 _ .T) 1
1 3 2 12
(3.44) n ( 35/215 3 t° + 576312 t+ 27/63(2 3:1;)) ,
by setting ¢ = |u|n'/3. The polynomial in ¢ is cubic and is of form f(t) = —at® —

ast? + ast + a4 where ar,as > 0 and as, as € R. It is easy to check that this function

is concave down for positive t. Hence
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(i) sup;>q f(t) is bounded above and
(ii) there are ¢ > 0 and ty > 0 such that f(¢) < —ct® for ¢ > .

Note that for z € Oy 4,, t € [0,n'/12]. Using (i), we find that (3.44) is bounded above
by a constant time n~! for uniformly in z € C};,. Since the integral involving O(s*)
in (3.42) is O(n=>/*) when z € C},, we find that there is a constant ¢; > 0 such
that Re ¢(z) < ein~! for z € C4 4.

Now, for z = u + iv such that v = n~'3 + |u|/v/3 and |u| > n~Y4 we have
t = Juln'/? > n'/12 and hence from (ii), (3.44) is bounded above by —ct®n~! = —c|u|?
for all large enough n. On the other hand, for such z, the integral involving O(s?)
in (3.42) is O(|2]°) = O(|ul®). Hence Re¢(z) < —clul® + O(Jul®) for such z. Now
if we take € > 0 small enough, then there is c; > 0 such that Re ¢(z) < —cylul® for
|u| < e. Combining this, we find that there exist € > 0, np € N, and ¢, > 0 such
that for 3 with this €, we have Re ¢(2) < —ca|ul?® for z = u+iv € X\ Cy4,. Since
lu| > n=4 for such 2, we find Re ¢(2) < —can™%/* for 2 € B\ Cn.

We now fix € as above and consider the horizontal part of Cf .. Note that

from (3.41), for fixed vy > 0,

(3.45) a%Re ¢(u + ivg) = Re ¢ (u + ivg) = —Re v/ (u + 1vp)? — 2.

It is straightforward to check that this is < 0 for v > 0 and > 0 for v < 0. Hence the
value of Re ¢(z) for z on the horizontal part of Cy oy is the largest at the end which are
the intersection points of the horizontal segments and ¥. Since Re ¢(z) < —cyn=3/4
for z € X\ C},,, we find that the same bound holds for all z on the horizontal
segments of C o. Therefore, we obtain Re ¢(z) < —con 3/ for all z € C1out-

The estimates on Cy follows from the estimates on C; due to the symmetry of ¢

about the real axis. O



38

Inserting the estimates in Lemma II1.7 to the formula (3.34) and using the fact
that f;(z), 7 = 1,2, and their derivatives are bounded on C; U Cy (see (3.36)

and (3.36)), we find that

1/4

(3.46) Ki(z,w) < O(e™®"

), if one of z or w is in C gyt U C out-

We now analyze the kernel K,(z,w) when z,w € C 4, U Cy . We first scale the

kernel. Set
(3.47) K (€,1) == 2mi - i2Y/5n V3 | (12460~ 1/3¢ 191/60,=1/3p),
We also set

(3.48) Zg") = {u v u =270 4 3712 y|, 27012 <y < 2_1/6n1/12} )
This contour is oriented from top to bottom. Note that if ( € 25’”, then
(3.49) 2 =2V 713¢ € Oy

We also set 25 = {—¢ : ¢ € £} with the orientation from top to bottom. Then

A

(3.50) det(1 4 K:) 12(C it tz) = det(L 4 K) paom s ac -
From (3.41),

mio (M_2\/ﬁ) iz 4+ 273237123 + O(2%), z € Cyn,
(351) gz =4 V"

—5 - (MJ%@ iz = 27923702 + O(2%), 2 € Cyn.

This implies that, using (3.41) and |z] = O(n=4) for z € C} 4, U Cyin,

nmi _ (n)
(3,52) n¢<i21/6n_1/3g) _ T mx(C) + O(n 1/4)’ cext™,

1 (C) + O(n= V4, ¢exy,
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where
1 1,
(3.53) my(¢) == —§x§ + EC , ¢ e C.

It is also easy to check from the definition (3.26) that

o et (1 — 27807 5C + O(n‘%)) ) cexy,
(3.54) B(i2sn~3() =
e (1-iinicrom ), ces.

Using these we now evaluate (3.47). Set
(3.55) z =246 1/3¢, w = i2Y6n =13y,

We consider two cases separately: (a) z,w € Ciy, or z,w € Cyyy, and (b) z €

Clym,w € 0271'“, or z € Cg,m, w € Cl,m~ From (354),

(3.56) W =0(1) for case (a),
and
(3.57) w _ inl/BQ?%iz%u +O(n=4))  for case (b).

Here the sign is + when z € C4 ,, w € Cy4y, and — when z € Cy i, w € C1 4. We
also note that using (3.54), for z € C};, U Cq 4, the asymptotic formula (3.37) can

be expressed as

eim% (1 + O(n*“r’/m)) , zZ e Cl,z‘na

(3.58) fa(z) =
efisrrﬂ(z')__—ggzrl (1 + O(n75/12)) , A CQ,irr

Thus, (3.36), (3.54), and (3.57), implies that for case (b),

(3.59)
h#)fa(w) = A fow) o1 g v-1y8() = Bw) 1—5/12
e s = L)
_ n1/3COS(Z) sm(z)( N O(n‘i))

2Y/67(§ —n)
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Inserting this and (3.52) into (3.34) (recall (3.47)), we find that
e (§)—ma (1)
£=1
for case (b). A similar calculation using (3.56) instead of (3.57) implies that K, (&, 7) =

(3.60) K,(&m) == (14+0(n~"),

O(n=1/3) for case (a).

The above calculations imply that K, converges to the operator given by the
leading term in (3.60) or 0 depending on whether ¢ and 1 are on different limiting
contours or on the same limiting contours. From this structure, we find that K,
converges to (K§§°> K?)) on L33, L& L2285, L) in the sense of pointwise
limit of the kernel where

e (&)—ma(n)
§—n

and 25"‘” is a simple contour from e

o= (ma(&)—ma(n))
E—n

oo staying in the right half plane,

(3.61) KS(,n) = . KS(En) =~

i7r/3OO to e—iﬂ/3

and 25 = —x from e2™/300 to e=2™/300. Note that the limiting kernel does not
depend on s.

In order to ensure that the Fredholm determinant also converges to the Fredholm
determinant of the limiting operator, we need additional estimates for the derivatives
to establish the convergence in trace norm. It is not difficult to check that the formal
derivatives of the limiting operators indeed yields the correct limits of the derivatives
of the kernel. We do not provide the details of these estimates since the arguments are
similar and the calculation follows the standard argument (see [78, Proof of Theorem

3] for an example). Then we obtain

(3.62) lim det (1 + K,)

n—0o0

=det (1 - Kfc"o))

2(s{MusiM 4o ‘LQ(EY’"),%) :

127
where K\ = K SO)KSO) of which the kernel is

e—2ma(C) d¢
) (&= ¢)(n — ¢) 2mii’

(3.63) K€, 1) 1= eme(©@Fman /
3
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The determinant det(1—K g(goo)) equals the Fredholm determinant of the Airy operator.
Indeed, this determinant is a conjugated version of the determinant in the paper
[78] on ASEP. If we denote the operator in |78, Equation (33)] by Ls(n,7n’), then
K (&,m) = em=© L (&, n)e ™= Tt was shown in page 153 in [78] that det(14+L,) =
Foue(s)-
Now, since limy, o0 Ps(M) = lim,, o det(14+-K) 2, uc_) by (3.46), (3.50) and (3.62)

implies that P,(2y/n + 2 3n"6x) — Feup(z) for all s. All the estimates are uniform
in s € [0,1] and we obtain P (W, < 2y/n +27%3n"1/6z) = fol P,(M)ds — Foug(z).

This proves Theorem III.2.

3.4 Continuous-time Symmetric Simple Random Walks

Let Y'(t) be a continuous-time symmetric simple random walk, which is defined as
follows. The walker initially is at a site of Z. After an exponential waiting time with
parameter 1, the walker makes a jump to one of his neighboring site on Z with equal

probability. It is a direct to obtain the transition probability pi(z,y) = pi(y — z)

where
t/2 2n+k
.64 ke Z.
(3.64) ZZ R
Where = 0 for k < 0 by definition.

Y (t) can also be described as the symmetric oscillatory Poisson process [68] or
the symmetrized Poisson process [54], which is defined to be the difference of two
independent rate 1/2 Poisson processes. It is easy to see that this difference has the
same transition probability as (3.64).

Let Y;(t) be independent copies of Y and set X;(t) = Y;(¢)+4,i=0,1,2,--- ;n—1.
Also set X (t) := (Xo(t), X1(t), -+, Xpn-1(t)). Then X(0) = (0,1,--- ,n—1). We

condition on the event that (a) X (7') = X(0) and (b) Xo(t) < Xq(t) < -+ < Xp-1(?)
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for all ¢t € [0,7]. See, for example, [2]. We use the notation P to denote this
conditional probability.

Define the ‘width’ as

(3.65) Wi (T) = t:}épT](anl(t) — Xo(t))-

The analogue of Proposition III.1 is the following. The proof is given at the end of

this section.

Proposition II1.8. For non-intersecting continuous-time symmetric simple random

walks,

1
Ta(f)

ds %(z—‘,—z*l)

f T D) ) = e,
sl=1

2mis’

(3.66) P(W,(T) < M) =

and Dy s = {z € C: 2M = s}.
The limit theorem is:

Theorem II1.9. For each x € R,

. Wi(T) — p(n, T)

3.67 1 P < = F,
( ) min{n{ljrﬂl}—)oo ( O'(Tl, T) . GUE(x)
where

2v/nT, n<T,
(3.68) wu(n, T) :=

n+1T, n>T,
and

22T F4 B e,

(3.69) o(n,T) :=

2-1/3T1/3, n>T.
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Note that due to the initial condition and the fact that at most one of X;’s moves
with probability 1 at any given time, if X, is to move downward at time ¢, it is
necessary that Xg,---, X;_1 should have moved downward at least once during the
time interval [0,¢). Thus, if 7" is small compared to n, then only a few bottom walkers
can move downard (and similarly, only a few top walkers can move upward), and
hence the middle walkers are ‘frozen’(See Figure 3.3). On the other hand, if T is
large compared to n, then there is no frozen region. The above result shows that the

transition occurs when 7" = n at which point the scalings (3.68) and (3.69) change.

Figure 3.3: Frozen region when T' < n

Using Theorem I1.6, Theorem II1.9 can be obtained following the similar analysis

as in the subsection 3.3 once we have the asymptotics of the (continuous) orthonor-

z+z_1) dz

5 On the unit circle. The
Iz

mal polynomials with respect to the measure el
asymptotics of these particular orthonormal polynomials were studied in [9] and [8]
using the Deift-Zhou steepest-descent analysis of Riemann-Hilbert problems. In or-
der to be able to control the operator (2.29), the estimates on the error terms in
the asymptotics need to be improved. It is not difficult to achieve such estimates by
keeping track of the error terms more carefully in the analysis of [9] and [8]. We do
not provide any details. Instead we only comment that the difference of the scalings
for n < T and n > T is natural from the Riemann-Hilbert analysis of the orthonor-

mal polynomials. If we consider the orthonormal polynomial of degree n, p,(2), with
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%(”z*l), the support of the equilibrium measure changes from the full circle

weight e
when 7 > 1 to an arc when % < 1. The “gap” in the support starts to appear at
the point z = —1 when n = T and grows as 7 decreases. This results in different
asymptotic formulas of the orthonormal polynomials in two different regimes of pa-
rameters. However, we point out that the main contribution to the kernel (2.29)
turns out to come from the other point on the circle, namely z = 1.

For technical reasons, the Riemann-Hilbert analysis is done separately for the
following four overlapping regimes of the parameters: (I) n > T + C,T'/3, (II)
T —CTV3 <n <T+CsTY3, () /T <n < T — CTY3, (IV) n < ¢T where
0<c¢,<1landCy > 0.

Here we only indicate how the leading order calculation leads to the GUE Tracy-

Widom distribution for the case (I). We take

(3.70) M =n+T+ 27373
Let
ZM — S, z € Qouta
(371) Q: - Q:out U Q:inv fyM(Z) =

—M 45 2 € Cin,

where €,y = {z||z| = 1 + €} and &, = {z||z] = 1 — €} for some constant € > 0. Set

M7 S Q:outa
(3.72) p(z) =
0, S Q:m,

which satisfies (2.40). Let p,(2),pn(2) be the orthonormal polynomial with respect
to M‘lfp% on € and k,, &, be their leading coefficient, see (2.10). Note that f is

analytic, these polynomials are exactly the orthogonal polynomials with respect to

f(2)5%- on the unit circle ¥. As a result, we have p,(z) = pn(2).

2miz
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By Theorem I1.6, we have

Tn(M_lfa DM,S)
Tu(f)

where det(1+ K) is defined in (2.28) with kernel defined in (2.29) with M ! f instead

of f.

For case (I), the Riemann-Hilbert analysis implies that

(3.73)

= det(1l + K)

) ez |z| > 1,

(3.74) Kilpa(2)
o(e %), 2 <1,

and
(3.75) “(2) ofz"e =), 2] > 1,
. KnDh (2) &
T

e 2%, 2| < 1.

Here these asymptotics can be made uniform for |z —1| > O(T~'/3). In the following,
we always assume that z and w satisfy this condition even if we do not state it

explicitly. The above estimates imply
(3.76)

T/, —1
) . _pnf2e 2C ) )2
()2 PelOPE) — paGpw) | = B L el < L

1 —zw™! -

1—zw—1 ) ) :

The kernel is of smaller order than the above when |z| < 1, |w| < 1 or |z| > 1, |w| > 1.

We also have

%QMSZ*M, |z > 1,
(3.77) v(z) =
?{zﬁé ~ MM 2| < 1.

Here again the approximation is uniform for |z — 1| > O(T~'/?). Hence inserting

= f(z) = ﬁe%(”fl) to (2.29), we find that the leading order term of the kernel is

+(p(w)~(2) T M—
6—1>7 6(2) = 7(z—27") - — log 2

3.78 K ~ +
( ) (27 w) 1 — zw—
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where the sign is — is when |z| > 1, |w| < 1 and is + when |z| < 1, |w| > 1. Note

that

1/3
(3.79)  ¢(2) = —%x(z —-1)+ 1T—2(z — 134+ O0(TY3(2 = 1)) + O(T(z — 1)%).

Hence for ¢ = O(1),

1/3
(3.80) o1+ %C) = —%xc + écS +O(T13).

After the scaling z = 1+ ;11—//3;,( and w = 1+ %11—//:;77, (3.78) converges to the leading term

of (3.61), except for the overall sign change which is due to the reverse orientation

of the contour. Thus we end up with the same limit (3.62) which is Fopg(z).

3.5 Discrete-time Symmetric Simple Random Walks

Let Xo(k), -+, Xn_1(k), K =0,1,--- ,n — 1, be independent discrete-time sym-
metric simple random walks. Set X (k) := (Xo(k), X1(k), -+, X,,_1(k)). We take the

initial condition as
(3.81) X(0)=1(0,2,---,2n — 2).

and consider the process conditional of the event that (a) X (27) = X(0) and (b)
Xo(k) < Xq(k) < -+ < X,—1(k) for all £ = 0,1,---,27. The non-intersecting
discrete-time simple random walks can also be interpreted as random tiling of a
hexagon and were studied in many papers. See, for example, [26, 52, 12, 23|. The

notation PP denotes this conditional probability. Define the width

(3.82) W,(2T) :== max (X, 1(k) — Xo(k))

k=01, 2T

as before.
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Proposition III.10. For non-intersecting discrete-time symmetric simple random

walks,

(3.83)
P(W,(2T) < 2M) = ! f T, (M~ f, Dars) ds f(z)=2"T(1+42)*"
To(f) Jisj=1 T 2mis’ ’

and Dy s = {z € C: 2M = s}.

The fluctuations are again given by F. Note that 2n < W,,(2T) < 2n+ 2T for all

n and T

Theorem II1.11. Fizy > 0 and 0 < 8 < 2. Then for n = [yT"],

W, (2T) — 22+ 90T _
T
(n2 4 2nT)"sT3

T—o00

for each x € R.

Note that the parameter (n2 + 2nT) 6T — oo as T — oo when 8 < 2. This

parameter is O(1) when § = 2. Indeed one can show that when g > 2,
(3.85) lim P(W,,(2T) = 20+ 2T) = 1.
—00

The proofs of the proposition and the theorem are similar to those for the continuous-

time symmetric simple random walks and we omit them.



CHAPTER IV

Asymptotics of the Ratio of Discrete Toeplitz/Hankel
Determinant and its Continuous Counterpart, the Complex
Weight Case

4.1 Introduction and Results

In this chapter we consider the case of a discrete Toeplitz determinant T,,(f, D)
where f(z) is a specific complex function (4.4) on D. We compute the asymptotics of
the ratio of this discrete Toeplitz determinant and its continuous counterpart 7T, (f).
It turns out that one can still apply Theorem II1.6 here, but the asymptotic analysis
of the Fredholm determinant is much more complicated than that for the cases of
real symbols. We develop some new techniques to overcome this complication, which
are believed to work for more than this specific complex symbol.

This discrete Toeplitz determinant arises in the width of nonintersecting Poisson
process, as described below.

Let X(t) = (Xo(t),- -+, X_1(t)) be n independent Poisson processes with param-

eter 1. The transition probability of X;(¢)(i =0,1,--- ,n — 1) is given by

k
(4.1 pk) = e k= 0,1,

Define D,, :== {z¢ < x; < -+ < x,_1}. We condition that (a) X(0) = (0,1,--- ,n—1),

X(T)=(a,a+1,--- ;a+n—1) where a is an integer parameter, and (b) X(¢) € D,

48
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for all t € (0,7). Denote by P the conditional probability. Define the width of

X(H)(0<t<T)

(4.2) Wio(T) == sup (X,-1(t) — Xo(2)).

0<t<T
Similarly to the width of the three nonintersecting processes discussed in the
previous chapter, we have the following discrete Toeplitz determinant representation

of the width distribution

Proposition IV.1. For nonintersecting Poisson processes defined above, the distri-

bution of the width is given by

(4.3) P(Wa(T) = M) = /| _ Tn(M;; (];)DMS) erjs

where v > 0 is arbitrary, and

(4.4) f(z) =277,
and
(4.5) Dyrs = {22 = sM}.

Remark IV.2. From the formula (4.3), it is easy to check that the distribution of

W, (T) is independent of T.

The main goal of this chapter is to find the asymptotics of (4.3). By using Theorem
I1.6 and rewriting the kernel of the Fredholm determinant, one can find the following

asymptotic result of (4.3).

Theorem IV.3. Suppose a = (v + 1)n for some constant v > 0. Then for any fized

z e R

(4.6)  lim P (Wn(T) <27+ In+ a3y + 1)_1/6711/3) = Foup(x).

n—oo
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4.2 Proof of Theorem IV.3

By the Karlin-McGregor argument, it is obvious that 7, (f) is exactly the proba-
bility that n independent Poission processes starting from X (0) = (0,1,--- ,n — 1)

and ending at X (7T') = (a,a+1,--+ ,a +n — 1) are nonintersecting. Therefore
(47) 7:1(f)>07n:1a27"'a

and the orthogonal polynomials py(2) = Ye2¥ +- -+, pr(2) = Fp2* with respect to the

measure f(z)52
PR dz . .
0 Tz
exist and are unique up to a constant factor.
Now define
(4.9) yu(z) = 2M — M.

By using a residue computation, it is a direct to check

(4.10) / Msz_lf(z)dz: Z FMTf(2),

27iyar(2) o
where X,., is a counterclockwise oriented circle centered at the origin and with radius
greater than r, and ¥,_ is a clockwise oriented circle centered at the origin and with

radius smaller than r. By taking

M, |z| >,
(4.11) o(z) =
0, |z|<mr

and applying the Theorem II.6, one immediately obtain

Proposition 1V .4.

(4.12) To(M ™ f, Darg) = To(f) det(I + K,)
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where det(I + K) is a Fredholm determinant defined by

k-1

dz
4.13 det(I + K,) =1 d t , —
(413)  det(7 + +Z G, ) Gl

and the kernel

(4.14)
w) = Voo () Fluy LB ) = W2V Pl )
Here
gt el <,
(4.15) Us(z) e

M
M _gM 5 |Z| >,

z

and p;(z), p;(2) are orthogonal polynomials with respect to f(z)52 on the unit circle

2.

The natural idea is to use the asymptotics of the orthogonal polynomials to find
the asymptotics of the kernel (4.14) and then the asymptotics of the Fredholm de-
terminant (4.13), as what we did in the previous cases. However, it turns out the
idea does not work for this case as explained below.

It is a standard process to find the leading terms of p,(z) and p,(z) as n tends
to infinity by using Deift-Zhou steepest descent method. See subsection 4.2.1 for an

illustration (except for the last step of taking n — 00). One can show the following

(4.16) log(pn(2)) = ng(z) + O(1),log(="pu(7")) = ng(2) + O(1),

where g(z) is the so-called g-function of the corresponding Riemann-Hilbert problem.

Therefore heuristically we have

(4.17) Koz, w) = 3 (6()Hn og ()45 (9w)tn~ log s (u))+O(1)

)

where ¢(z) = g(z) — 1log z + 3 log f(2).
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¢(z) has a property that it has a jump on a specific contour, which we denote by I'y.
More explicitly, R(¢) reaches its minimum at [’y near the neighborhood of I'y. ¢(z)
has no other jump. On the other hand, Rlogvs(z) has a jump on 3, := {z||z| = r},

Tz 2=a the most important

where it reaches its maximum. In our case when f(z) =e
information of the two contours I'y and X, is that they are neither (partly) coincided
nor tangent to each other.

Now we consider the asymptotics of K,(z,w) when M = 2y/an + O(n'/3) and
a = O(n). Then it turns out the main part of ¢ +n~!logvs(z) has a double critical
point z.. Moreover, z. is neither on I'y nor on »,.. In order to control the kernel, one
need to deform both contours ¥,; and >, such that they are close to z.. However,
it is impossible since the kernel has poles on 3. which blocks the deformation of X,

and X,_!

V is analytic in

Remark IV.5. In the previous cases we discussed in Chapter II, f = e”
C\ {0} and is positive on 3. Under these two conditions, one can show Iy, the jump
contour of the g-function, is the support of the equilibrium measure ;(z) on ¥ which
minimizes the energy function (2.22). Therefore the leading term of the Fredholm
kernel K only contains jumps on . On the other hand, the double critical point

of this leading term appears exactly on . These two facts are utilized to deform €

close to the double critical point.

The discussion above tells us that one cannot directly use the asymptotics of the
Fredholm kernel K to find the asymptotics of the Fredholm determinant (4.13). We
need further techniques to solve this problem.

In the next subsection we find a way to rewrite the Fredholm determinant so
that the new Fredholm kernel is effective for asymptotic analysis. The idea is to

decompose the Christoffel-Darboux kernel part of K, by using the corresponding
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Eout

Z:out

\
Zout

Figure 4.1: The original choice of ¥,,; Figure4.2: Changing the integral con-
and X, tour X, to Mgyt

Riemann-Hilbert problems, and remove the singularities of the vy part of Ky by a

residue computation on the Chiristoffel-Darboux kernel part.

4.2.1 An Identity on the Fredholm Determinant det(l + Kj)
Step 1: Change the Integral Contour

Let ¥;, and X, be two contours which satisfy the conditions (C1) and (C2)
below.

(C1) %,y is a simple closed contour with clockwise orientation, which encloses the
origin and is inside of ,.

(C2) X,y is a simple and unbounded contour outside of ¥, which satisfies

(4.18)

n—a—M4+ A
§R(z—|— T

log z> = some negative constant

when z € ¥,,; becomes sufficiently large. Here A > 0 is a parameter. The orientation
of ¥, is from the lower half plane to the upper half plane. It is easy to see that
Yout N {z]|2] > R} is symmetric about the real axis when R tends to infinity by the

condition (C2). See Figure 4.1.

Proposition IV.6. Suppose € = ¥,;,U%,; satisfies conditions (C1) and (C2). Then
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the Fredholm determinant (4.13) can be rewritten as

k—1
de

L& 2miz;
Jj=0

— 1
k=1 """

Proof. By the Christoffel-Darboux identity (2.11), it is sufficient to prove

L dz _ dz

a2) [ pERE e = [ pERE e
S US, T2 ¢ 2miz
forall e =0,1,--- ,n — 1, which is equivalent to
, dz 4 dz

4.21 ! s = ‘ s .
(4.21) L Aremeg = [Aemeg
forallt=—n,—n+1,--- ,n—2. Since ¥;, and X,_ are both simple closed contours

enclosing the origin and lying inside of ¥, it is sufficient to prove
(4.22) / 2 f(2)vs(2)dz = / 2 f(2)vs(2)dz

St Sout
forall -n<i<n-2.

Set Dg := {z||z| < R}. The condition (C2) of ¥,,; implies that ¥,,; intersects
with dDpg at exact two points if R is large enough, where 0Dp is the boundary of
Dg, i.e., the circle centered at the origin with radius R. Denote the intersection
point in the upper half plane by zp = €%, Then the second point is Zg = ' >7=0r),

See Figure 4.2. Therefore

(4.23)

/ET+ 2 f(2)vs(2)dz = /|z|:R 2 F(2)0s(2)dz

= 2 f(2)vg(2)dz + / 2 f(2)vs(2)dz.

YoutNDR

/IZIZR,arg 2€(0R,2m—0R)

Note that the condition (C2) on 3,,; implies

(4.24) |2 f(2)vs(2)] < |27
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for all |z| = R and argz € (0g,2m — fg). By taking R — oo in (4.23), the first
term becomes 0 and the second term becomes fzm 2 f(2)vs(2)dz. (4.22) follows

immediately. [

Remark IV.7. Notice that K is a finite rank operator, and the infinite sum in (4.19)

is finite. In fact, det(K(z;, z]))fj_:lo =0 for k > n.

Remark IV.8. The definition (4.19) can be interpreted as the Fredholm determinant
of an operator on a Hilbert space as follows.
Let L*(€, |dz|) be the Hilbert space of function h : € — Csuch that [, |h(z)[*|dz| <

co. Now, let K, : L*(€, |dz|) — L*(€,|dz|) be the integral operator with kernel

K(z,w) dw

4.25 —s S.

(4.25) 2w |alw|’Z’wE

Then

(4.26) (’Ch)()/K( )h( )dw h € L*(€,|dz|)

. s z—qsz,w w2m’w’ ,|dz
and

k—1 k—1 dz

4.27 det(KCy(2, 2:))F 1 d-:/dth ozt 7
(U e sltita [T 10l = | deths(e st [T 5

Therefore (4.19) equals the Fredholm determinant det(I 4+ Ky) of the operator K
once we show that IC, is a trace class.

First, we show that IC, is a bounded operator. Indeed by the choice of X,

128 Vol @ /=) ()| < Ofzw] Y

forall 0 <i¢<mn—1as z,w— oo. This implies

(4.29) /C /G ‘\/Us(z)vs(w) 72) f(w)(w/z)gpi(z)ﬁi(w_l)w_l’2\dedz\ < o0
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for each i. Therefore

(4.30) //|K5(z,w)|2|dw||dz| < o0,
¢cJE

which implies that K is bounded and also Hilbert-Schmidt.
Second, since Ky is a finite rank operator, it is a trace class.

Notation IV.9. For convenience, we say that Ky is a trace class or Hilbert-Schmidt

dz
) 2miz

operator in L?(€ ) if the corresponding operator Ky defined in (4.26) is trace

class or Hilbert-Schmidt in L?(€,|dz|), respectively.

Step 2: Rewrite the Kernel by a Riemann-Hilbert Problem

In order to simplify our notations, we omit the index s in K, and vy unless it is
necessary.

We suppose all the parameters N,a(a > N) and T are fixed. Therefore the
notations O(1), O(|z|¥) are all with respect to the 2 — 0 or z — 0o in the complex
plane, (k € Z).

First consider the following Riemann-Hilbert problem.

Riemann-Hilbert Problem IV.10. Find a 2 x 2 matrix Y(z) satisfying

(a) Y(z) is analytic on C\X and is continuous up to the boundary >, where X
denotes the unit circle,

(b) Y(2) = (I +0(271)2" as z — oo,

(c) On X, Yi(z) = Y_(2)vy(2) where

(4.31) vy (%) =

Here f(z2) = eT%27% is defined in (4.4).
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The solution to this Riemann-Hilbert problem exists and is unique. It is given by

(see Section 3, [34])

Ko Pn(2), Fn o (O)F() ds_
(4.32) Y(z) = Js e
12" P (27Y), [y Sresilent SO de
Therefore we have
(4.33) Pn(2) = K, Y11(2), Y10(0) = & 'R

Similarly consider the following Riemann-Hilbert problem

Riemann-Hilbert Problem IV.11. Find a 2 x 2 matrix Y(z) satisfying

(a) Y(z) is analytic on C\X and is continuous up to the boundary ¥, where 3 is
the unit circle,

(b) Y(2) = (I + O(z71)2"8 as z — o0,

(c) On ¥, Y (2) = Y_(2)vy(2) where

L)
(4.34) v (2) =
0 1
The unique solution is given by
5 Fop ' Dn(2), i () _de
(435) Y(Z) = L/‘Xi 5—2’7 erlzﬁ
—Rp_12" lpn71(2_1), fz *Hn—lpn—gl_(éz- )f(€ )%Eg
Especially we have
(436) ﬁn(z) = ’%n}}H(Z)-

Note that the two Riemann-Hilbert problems are related. It is easy to check that

they satisfy the following relation

(4.37) Y (2) = Y(0)lY (27 1)z,
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Hence we have
(4.38) Yir(2) = (Ya2(0)Yir (z71) = Yia(0)Yar (z71)) 2"

By plugging in (4.33) and (4.36) into the kernel K (4.14), we have

(4.39)

Ky(z,w) = V/o(2)vs(w) f(2) f(w)

(z/w)" Y11 (w) Vi1 (271) = (w/2)"*Y1y (2) Vi (w™)
Y12(0)(1 — zw™1) ‘

Then we plug in (4.38) and obtain

Proposition IV.12. Let Y (z) be the unique solution to the Riemann-Hilbert problem

1V.10, then

(2)Ya1(w) — Y11 (w)Ya1(2)

1—zw™!

(140)  Ku(z.0) = Vo (2)on(w) () Flw) (zw) /20

Remark IV.13. If we write T,,(M~'f, D) and T,(f) as the corresponded Hankel
determinants (—1)"=V=2/2H, (M~1z="1f D), ) and (—1)=D0=2/23 (2=+1 f),
and apply Theorem I1.7, we can arrive at the same Fredholm determinant with the

kernel (4.40).

Step 3: Deform the Riemann-Hilbert Problem and Further Rewrite the Fredholm
Determinant

Let

a—n—+ 2i\/an

(4.41) ¢ = .

and I' be a simple contour from £ to & which will be defined explicitly later. Here we

just require I" does not intersect (—oo, 0].

Define the g-function of the Riemann-Hilbert problem IV.10 as following

(4.42)  g(2) ;:[( r otel T (2—5)(z—£)>dz_l,’

o 2n z  2n z
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where /(z — &)(z — ) is defined in such a way that it has the branch cut " and
behaves like z as z — oo, and !’ is a constant determined later. We also require
the integral contour does not intersect I'. Note that the integrand does not have
a pole at z = 0 due to the choice of £ in (4.41). It is easy to check that g(z) is
a multi-valued “function” varying by multiples of 27, depending on the number
of times the integral curve travels around I'. Therefore e"9*) is well-defined as a
single-valued function. Note that ¢'(z) — 2 = O(|z|72) as z — oo. Hence we have
e@ ™ = O(z71) as z — oo.

Now we do the standard deformations (see [32] for example). Notice that the
choice of the jump contour in the Riemann-Hilbert problem IV.10 does not affect
the first column of Y'(z), as long as it is a simple closed contour enclosing 0. Therefore

we can pick I UT” as the jump contour, where I' is a simple curve from ¢ to & such

that I” does not intersect [0, +00). We will put other restrictions on I'" later. Define
(4.43) Q(z) := eMo3/2Y () m9R)osgmlon /2

where [ is the constant satisfying

(4.44) ng(z)y +ng_(z) +Tz— (a+n)logz+nl =0,

for all z € T.

Then Q(z) solves the following

Riemann-Hilbert Problem IV.14. Find a 2 x 2 matrix @(z) satisfying
(a) Q(z) is analytic except on C\(I'UI") and is continuous up to the boundary
rur,

(b) Q(2) =T+ O0(z71) as z — oo,
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(C) On the jump contour, Q4 (z) = Q_(z)vg(z) where

p

e2noé—(z) 1
, zel,
0 e2né+(2)
(4.45) vo(z) = ¢
1 2no(2)
, zel”,
0 1
\
where

(4.46) o(z) := /5 % (2= i)(z — de =g(2) + %z - n2—|7—za log z + é

with I' as its branch cut. Here the integral contour cannot pass 0 or intersect I'.

¢(2) is a multi-valued “function” varying by multiples of 277 and

(4.47) s G-0(-9, (a-nm

2n z n

depending on the number of times the integral contour travels around I' and the
origin. Therefore e?™ is well defined as a single-valued function, and R(¢(z)) is
independent of the integral contour.

By symmetry we have

¢ z—E)(z—€
%(425(6)):3?(/5 I vz=8) %)

2n z
_ 1/5<¢<z—§><z—£>dz+ \/(2—5)(2—5)d2>
(4.48) n Je 2 Z
T [VE-9C-0, T [fVE-9C-0
_4n/§ z d +4n/§ z d
=0,

where the integral contour is chosen to be symmetric about the real axis and does

not intersect I'.
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Furthermore, for any z € C, we have

3&M@)=%<Lf%% @—in—Od%

_T (V=968 VE-9E-§,

4dn z z
(4.49) :z;Z< C-9E-9, . @—O@—@M>
dn Jg z z
TTV(E-9E-Y
([
= R(o(2))
Therefore R(¢(2)) is symmetric about the real axis.
By expanding ¢'(z) at oo, it is easy to see
4 = T Mega o0
(4.50) qﬁ(z)—%z— - ogz+O(1)

as z — 00. Also note that ¢(z) = —%log(z) + O(1) near 0, ¢(z) = c(z — €)32 +
O(z—¢ )%/2 near &, where c is a nonzero constant which can be computed explicitly.
By a standard topological discussion on the quadratic differentials (see [63, 10] for
examples) one can show the set {z|R(¢(z)) = 0} is independent of the choice of T". It
consists of four segments with endpoints € or/and &, as shown in Figure 4.3. The two
bounded segments form a region which contains 0. Denote by I'y the finite segment
to the right of the origin, I'; the finite segment to the left of the origin, and I's the
union of the other two infinite segments. Note that ¢'(z) is nonzero on the real axis,
both I'y and I'y intersect R at exact one point.

Now we choose I' = I'y. Denote by O;, Oy and O3 the regions from left to right
which are divided by I', I’y and I'y. See Figure 4.3. Then it is easy to see R(¢(2)) < 0
for all z € Oy, and R(¢(z)) > 0 for all z € Oy U Os.

We have more discussions about the properties of I, I'y and I'y later.
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Fout
3
9 Q4
I’ =Ty
o,ul
3
]-—‘out

Figure 4.3: The graph of T UT; UT, = Figure 4.4: Tbe jump .clontours of the
{Z|§R(¢(z)) _ 0} Riemann-Hilbert prob—

lem IV.15

Now come back to the Riemann-Hilbert problem IV.14. Choose I to be an open
contour from ¢ to € and which lies in O;. Then R(¢(2)) < 0 for all z € T".

Up to now all the deformations are standard. For the next step, instead of opening
two lenses close to I'y as usual, we use certain specific unbounded lenses going to
infinity. More explicitly, define three contours as following: I';, is a contour from &
to & which lies in ©@,. We also require that 0 is to the right of I';,. The upper part
of I'yys is a contour from oo to & which lies in O3 and also in the upper half plane.

Moreover, when z becomes large along 'y,

(4.51) R (gb(z) - % log z) —0.

This contour exists since that ® (¢(z) — 2£ log z) is a monic function of R(z) in any
large enough circle |z| = R, and that Rlog(z) > 0 for all |z| > 1. We complete [,
by making it symmetric about the real axis. See Figure 4.4.

The contours I, T';,,I", and I',,; divide the complex plane into four regions. We

denote by 91, Qs, Q3, and Q4 the four regions from left to right. Note that our choice
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of I';, implies 0 € Q3. We also denote Q,. the region which is bounded by I';, U Ty
and contains R,. Then Q, = Q3 U Q, UT".

We will show Q, has a nice property that the solution matrix to the final Riemann-
Hilbert problem is analytic in Q,, see the Riemann-Hilbert problem IV.16. This
property allows us to compute the residues and cancel terms in the expansion of
Fredholm determinant det(1 + K) if ¥;, and X,,; are chosen in Q, (see Proposi-

tion IV.17). Recall that ¥,,; satisfies (4.18), which implies

M= A

(4.52) R <¢(z)

log z) = constant

as z — oo along Y. Our choice of I',,; make it possible to choose a contour X,
in Q, if A < % It is also possible to choose ¥;, in Q, since 0 € Q3 C Q,. See

Figure 4.7 and its interpretation later.

Now we define

Q(Z>a S QIUQ27
1 0
Q(Z> , RE Q37
(4.53) S(z) = _em2mé(2)
1 0
Q(Z) s z € Q4.
e—2né(2) 1

Here, although ¢(2) has a pole at z = 0, e~2"*(*) is analytic at z = 0 by (4.46).
Therefore S is analytic in Q3.

S(z) solves the following Riemann-Hilbert problem:

Riemann-Hilbert Problem IV.15. Find a 2 x 2 matrix S(z) satisfying
(a) S(z) is analytic on C\(I' UT" U T, UT,u) , and is continuous up to the

boundaries T UTY U T, U,
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(b) S(z) =1+ 0O(z71) as z — o0,

(C) On the jump contours, Sy (z) = S_(2)vs(z) where

(

1 0
y < € Fm U Fouta
0 1
(4.54) vg(z) = , zel,
-1 0
1 e2né(2)
, zel.
0 1
Define
~1
B+p~"  p-p~
(4.55) R(z) == S(2) ? 2
="' p+B7!
—2i 2

1/4
where (z) = (2{2—) which has the branch cut I and 3(z) = 1+0(z7') as z — oo.

Then R(z) satisfies the following Riemann-Hilbert problem

Riemann-Hilbert Problem IV.16. Find a 2 x 2 matrix R(z) satisfying

(a) R(z) is analytic on C\(I"U T, UT,,) and is continuous up to the boundaries
I"uly, U,

(b) R(z) =1+ 0O(z7') as 2 — o0,

(C) On the jump contours, R, (z) = R_(2)vg(z) where

I+ e @ E(2), Ty U,
(4.56) vr(z) =

I+ @ E(z), zel.
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Here F(z) is defined by

BB~ p+B~t Bt p-p!
2 2 2i 2i

, < € an U Pauta

BB~ B~ BB BB
2 2 2 2

(4.57) E(z) =

_ BB BBt BB B!
2 —2i 2 2 ,
, zel.
_B=B"'p-=Bt BB 'p+p!
—2i -2 —2i 2

\

Note that R(z) is analytic in the region Q,. Moreover, by using the fact that
det(Y(z)) = 1 for all z € C since det(Y(z)) is an entire function and goes to 1 at
00, and the fact that our deformations do not change the determinant of the desired
matrices, we have det(R(z)) = det(S(z)) = det(Q(z)) = det(Y(z)) =1 for all z € C.

Hence we have

(458) RH(Z)RQQ(Z) - ng(Z)Rgl(Z) =1

for all z € C\(I"U Ty, UT ). R(2) also has simple asymptotic behaviors as the
parameters go to infinity simultaneously: R(z) = I + O(n™!) for any fixed z in
C\(I" U T}, UT ). See the next subsection. We do not use this property in this
subsection since we suppose all the parameters are fixed.

Now we rewrite the Fredholm kernel (4.40) in terms of R(z). Assume the following
condition on ¥;, and >, holds.

(C3) %, and X, are both in Q,.

By using (4.46), we have

(4.59) K(z,w) = \/v(z)v(w)

where F(2) := e"@Y}1(2)e ™) and G(z) := ") Yy (2)e 9= for all z in C\ (TU
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I''). By tracking the relation between Y(z) and R(z) we have

(

2 —21

en¢(z) <R11(Z)5+5_1 + R12(2)5_5_1>
B

_|_€—n¢>(z) <R11(2)B_2€_1 + R12(z)ﬂ+2—1) , zZ € QSv

(4.60) F(z) =

€n¢(2) <R11(z)ﬁ+§_1 —+ Rlz(Z)ﬂ__g,:l>

| e (Ru(2)2 4= + Ru(:)25-), zeQu,
and

.

-1 _p3—1

€n¢(z) <R21 (Z) ’8+2’6 -+ RQQ(Z)’BJ[; )

+em"0) <321(Z)ﬁ_2€-71 + R22(2)ﬂ+§71)  ZE€Qn
(4.61) G(z) =

6m;ﬁ(z) (Rzl(Z) ,3+2,8*1 + R22<Z> /3:,3'*1)
B

1

—en0(2) <R21<2)/5*/571 + R22(Z)b’+2’ ) . 2€ 0,

\ 2i
Here we omit the case z € Q; U Qg since >;,, U X, liesin @, = Q3 U Q, UT".

It is easy to check (from the definitions or the formulas above) that F'(z) and G(z)
are both analytic in Q,\{0}. Each of them can be decomposed to the sum of two
functions which are also analytic in Q,\{0}. More precisely, F'(z) = Fy(2) + Fi(2)

and G(z) = Go(z) + G1(z), where Fy(z),Go(z) are analytic functions in Q,\{0}

defined by

(4.62) Fo(z) = e (Rn(Z)B_f[l + R12(2)5+§‘1) . €0
ené(2) (Rn(z)‘”g‘l n Rm(z)ﬁ___gi-l) e
)

(4.63) Go(2) = e e (R21(Z) EL ¢ Rgz(z)mg_l) , z€ Qs
end(2) (Rm(z)mg—l + Rzg(z)ﬁi—g;1> , N

\
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and F(z), G1(z) are analytic functions in Q,\{0} defined by

end)(z) (Rll(z) ,B+2,3_1 + RIQ(Z)IB:BQ;1> ’ S Q37
(4.64)  Fi(z) =

_e—ngb(z) (Rll(z)ﬁ;gi—l i R12(Z)6+25—1> , 2 € Q47

) (R ()22 + Rn(0)2257), 2e 0y,

_pnd(2) <Rzl(z)ﬁ—2ﬁlfl n Rm(z)mg*l) CzeQ,

There are three properties of F;(z), G;(z) (i = 0,1) which turn out to be the key
to simplify the Fredholm determinant det(1 + K). Suppose 3, is a simple closed
contour in @, which encloses 0, and ¥,,; is a simple contour in Q, which separates
0 and +oo. We also assume [;. |2|7?|dz| < oo which implies that ¥.,; tends to oo
nicely. Note that this assumption is satisfied when (4.18) holds for large enough =
on Y,. Denote by Py the region bounded by >2;,, and denote by P; the region to
the right of X,,;. Then (PyUP;) C Q,.

Property 1 (P1): For any function hy(z) which is analytic in Py and continuous

to the boundary ¥;,, we have

/Z (@) Fz) (=)= =0, / ho(2)Go(2)Ga(2)d= = 0,

(4.66) Yin
/ ho(2)Fo(2)Gi(2)dz = 0,/ ho(2)Go(z)F;(2)dz = 0,
Ein Ein
for all =0, 1.

Property 2 (P2): Suppose hi(z) is an analytic function in P; which is continuous

to the boundary X,,;. Moreover, hy(z) = O(|2|7%) as 2 — oo in P;. Then we have

/ hi(z)F1(2)Fi(z)dz = 0,/ hi(2)G1(2)Gi(z)dz = 0,
(4.67) Bout Sout

/E hi(2)F1(2)G;(2)dz = 0,/E hi(2)G1(z)Fi(2)dz = 0,

for all =0, 1.
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Property 3 (P3): For any z € Q,, we have

Now we show the proof of these properties.

By the discussions after (4.53) we know e~27%(2) is analytic in P,. Together with
the analyticity of 5(z) and R(z) in Q,, we obtain that the integrands of (4.66) are
analytic in Py. Therefore (P1) holds.

Note that 0 ¢ P;. So the integrands of (4.67) are analytic in P;. We change the
integral contour ,,, to another contour which is the union of ¥,,, N {z||z] > C'} and
an arc in {z||z| = C}NQ,, where C is a large constant. Since R(¢p(z)) > 0, R(z) — I,
B(z) = 1, and hy(z) = O(]z|72) as z — oo in Q,, we have that the integral on the
arc is of order O(C~'). Also note that the assumption on %,,; implies the integral
on Yo N{z||z] > C} tends to 0 as C' goes to inifinity. Therefore (P2) follows by
taking C' — oo.

It is direct to check the last property by using (4.58).

Recall we have the Fredholm kernel (4.59). The property (P1) hints that the
Fy(2), Go(z) parts might be canceled in the expansion of the Fredholm determinant
when z € ¥,;,. Similarly, the property (P2) hints that Fy(z), G1(z) parts might be
canceled when z € 3,,,. The property (P3) implies that we can compute the residue
of the kernel at z = w. Therefore it helps us to evaluate the integrals even though
the integrand has a pole at z = w.

Now we state the main result of this section.

Proposition IV.17. Suppose M > 2 is a positive integer, and suppose X, and Xy

are two contours which satisfy the conditions (C1), (C2) with parameter 1 < \ < 2
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and (C3). We have
(4.69) det(1 + K) = det(1 + K),

where K is defined by (4.59), and K is an integral operator on L3(Zin U Bouts %)
with kernel

(w) Fo(2)Go(w)—Fo(w)Go(z)

w—z ?

Z,w € Eout7

()0 (w) R )P )

zZ € Eout7U) € Zin;

(4.70) K(z,w) = v 7
9(2)0(w) HEAGLWAE) 5 e 3, 1w € By,
ﬁ(z)f)(w)Fl(Z)Gl(wU)J__Zl(w)GI(Z), 2, € Yy
.
Here
M
z_Ma KAS Z:outa
(4.71) (z) = _ve)
1+w(2) I
Z—M z € Em

s )

Moreover, K 1s a trace class operator.

Proof. We write

F(2)G(w) — F(w)G(z)

(4.72) A(z,w) = . :
and

w—z
where 4, j € {0,1}.
Define

Ago(z,w), z,w € Lo,

A01(27w), z € Eout,w € Em,
(4.74) Ap(z,w) :=

Apo(z,w), 2z € Lip,w € B,

\All(zaw)a Z,wEEm,
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and Ai(z,w) := A(z,w) — Ag(z,w).
The kernel A; has the following properties:

(A1) For any a > 1,

(4.75) / v(2)* A (z, z)% = 0.
2EXin U out

271

(A2) For any : = 0,1 and o, > 1,

dw d

/ / v(z)“v(w)ﬁAi(z,w)Al(w,z)—w_—%

2€8n U 0ut J WEDin U out 211 271
dz

= v(2)* P A (2, 2) —.
lezinuzout ' 27TZ

(A3) For any 7,7 = 0,1 and «, 3 > 1,, we have

(4.76)

/ / v(2)(w)P A7, 2) Al (2, w)Aj(w, w,)d_w.d_z‘
(4.77) 2€8inUSout J WEDinUS out 21t 27
' dz
= atB A (2 A n_-=_
/,Z"EZinUEout v(z) i(#2) ](Z’ v >27rz'
Proof of (A1)

It is sufficient to show

(4.78) /E v(z)o‘Al(z,z)ﬁ =0, /2 v(z)o‘Al(z,Z)ﬁ = 0.

2mi 2mi

By writint A;(z, 2) as F(2)G'(z) — F'(2)G(z) — Fo(2)G(2) + Fj(2)Go(2), it is easy
to see that A;(z,z) is bounded when z € Q, — oo and that zA;(z, z) is analytic
at 0. If we change the integral contour X,,; to a large arc in Q4 with radius going
to infinity, the integrand is |v(2)*A1(z,2)| = O(|z7*M|) = O(]2|™%) and then the
integral can be arbitrary small. So we proved the first equation in (4.78). Similarly
if we shrink ;, to 0 we immediately obtain the second equation.

Proof of (A2)

We first show

(4.79)

/ / () 0(w)? Ay (2, w) Ay (w, 2) 2L 92 _ / o) Ay (2, 2) E
2E€Xout Y WEXout ZE€EXout

21 21 271
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By using the symmetry and the analyticity of the kernel A;(z,w) (7 =0,1), one can
slightly deform the two contours to two nonintersecting contours z € X, 1 := Loy —€
and w € o2 = You + € for some small positive number e. Write A;(w, z) =

Ay (w, z) + Ay o(w, z) + Apa(w, ). The property (P2) (see (4.67)) implies

d
(4.80) / v(w)P Ay (2, w) An (w, 2) 2 = 0,
WEXout,2 2 i
and
d
(4.81) / v(w)? Ai(z,w)Ao(w, 2) =— Y _o.
weXout,2 2mi

So the left hand side of (4.79) becomes

/ / ()7 Ay(z, w) Aot (w, 2) 5 — dw dz
2€%0ut,1 J WESout,2 o 27ri
dz dw

= a BA A
/wEEouz,2 /zezoum U(Z) U(w> <Z w> o (w Z> 271 2’7TZ

dz dw
— o ﬁ
= v(2)*v(w)” A;(z,w)Ag1 (w, z
/wezm,z /zezm,zjte (2)%0(w) Az, w) Ao ( )271'2 271

dw
a+,8A'
+ /wezm2 v(w) J(w, w) 5

(4.82)

where we used the property (P3) in the last equation. Combining with the fact

dz

=0
2mi ’

(4.83) /ez X v(2)*Ai(z,w)Apr (w, 2) —

we obtain (4.79). Similarly, we have

(4.84)

dw dz dz
514 A = 04+,BA
/Zezm /wEEmU<Z> v(w) Ailz w)di(w, 2)55 273 270 /Zezin v(z) (=250 2mi’

(4.85) / . / ) A ) As(, ) dw dz _,

o 27
and

(4.86) / . / ) A ) A, ) dw dz= _,

271 2m
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So we proved (A2).
Proof of (A3) It is similar to the proof of (A2).

By using the properties (A1), (A2), (A3) we can prove the following two claims.

Claim IV.18. Both \/vAo\/v and \/vAi\/v are trace class operators. As a resull,

K s also a trace class operator.
Claim IV.19. det(1 + /vA;/v) = 1.

Together with the following Lemma and the a simple conjugation, det(1 + K) =

det(1 4+ K) and Proposition IV.17 follows.

Lemma IV.20. Let v(2) be a function on €, a finite union of simple contours, such

that
(4.87) sup |v(z)| < 1.

zeC

Let A = Ao+ A; be the sum of two integral operators on L*(€, £2) such that /v Ao\/v

and /vA1\/v are both trace class, which satisfy

(4.88) tr[v”_%Aival\/E] = tr[v”+m_%Ai\/ﬂ],

(489) Al‘UnAﬂ)mAj = Aiv"+mAj,

for alli,j € {0,1} and n,m > 1. Then

(4.90) det(1 + VvAy/v) = det(1 + vA1/v) det (1 + Vo AO\/E) .

14w
The rest of the proof is to show Lemma IV.20, Claim IV.18 and Claim 1V.19.
Proof of Lemma IV.20  We write the right hand side of (4.90) as det(1 + X +Y)
where X = \/vAj/v + %Ao\/ﬁ, Y = vAi15 Agy/v. Denote Y = %AO\/B. We

can check that X,Y,Y have the following properties:
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(a) tr[Y"] = tr[Y"], for all n > 1,

(b) tr[XY"] = tr[XY™], for all n > 1,

(¢) XY"X = XY"X, for all n. > 1.

By applying these properties, it is easy to check tr(X +Y)" = tr(X + Y)" for all
n > 1. Therefore det(1 + X 4+ Y) = det(1 + X 4+ Y). Combining with the fact that
1+ X +Y =1+ Ay, (4.90) follows immediately.

Now we come back to check (a), (b) and (c). Notice that (4.88) and (4.90) imply

(4.91) tr[f (0)v™ 2 Aig(v) Ao = tr[f (0)g(v)o ™2 A/,

(4.92) Aif(v)Arg(v)A; = Aif(v)g(v)A;,

for all 7,7 € {0,1}, where f(z),g(z) are two arbitrary functions which have con-

vergent power series expansion within the unit disk and satisfy f(0) = ¢(0) = 0.

Especially we apply (4.91) by taking f(v) = 135, g(v) = v and i = 0, and obtain

tr(Y) = tr(Y). For n > 2, we apply (4.92) and have

Y :\/EAl 1+ o A(ﬂ)Al —|—’UAO'HUA11—|—'UAO\/;
(4.93) . g .
= VoA ArSv.
\/_ 1 1+ 1—|—U 0 1+v 0\/5

Then we use the identity tr(AB) = tr(BA) and have

2 2
tI‘(Yn) =1tr ( ’U\/E A[)UAl Y AO Y AO e Y Ao\/Z)

14w 1+v 1+ 1+
(4.94) v\/_ 02 02 02
— A Ay A
(1+v “T+07" 140 %140 0\/_>

where we used (4.92) again in the second equation. Therefore we proved (a) for all
n. Similarly we can prove (b) and (c).
Proof of Claim IV.18 The strategy is to write \/vAgy/v as the product of two

operators which are both Hilbert-Schmidt. We first define two new contours X,
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and X!, as follows. They satisfy the conditions (C1), (C2), and (C3), where the
parameter A for the condition (C2) is replaced by X for some A € (A, 2). Moreover,

we take X! to be between ¥, and ¥;,, and ¥

out

to be between X, and >,,;.
Note that it is possible to take such ¥/ , since A < A'. This condition, together

with (C2), also implies that

(4.95) dist(w, X! ;) = O(log |w|),

out

as w — oo satisfying w € ¥,,;.

Define the operator L; mapping L*(3}, UX. ,, £2) to L?(3;, U Sour, ) by the

out’ 21
kernel
Vo(2)An(z,w), 2 € Yip,w € X},
VU(2)Ap(z,w)\/o(w)w, z€ Xy, we X
(4.96) Ly(z,w) = <

V U(Z)A01(Zaw)a z € EOut?u} € E;na
\ VU(2)Am(z, w)\/v(w)w, z€ Xou,w € XL,

Similarly, define the operator L, mapping L*(Z, U Sou, 22 ) to L3(Z), U XL, 42)

out’ 2mq

by the kernel

(

Ap1(z, w)/v(w), z €Y wE Yy,
Ago(z, w)/v(w), z€e€X wE Yoy,
(4.97) Ly(z,w) =
U(Z)_l/Qz_lAll(za U}) v(w), S Zlout? w e Einv
\v(z)_l/Qz_lAlo(z, w)\/o(w), z €3, wE Loy
Then

(4.98) VU (2)Ag(z, w)\/v(w) = L1(Z,U)L2(U,w)d—u.,

271
5 U

out
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for all z,w € ¥;, UX,.. This can be shown as follows when z,w € ¥,,;. In this case,

the right hand side of (4.98) equals \/v(2)v(w) times

(499) /E Aol(Z,U)AOQ(U,w)d—u, + /2 140()(2,1L)141()(U,U])ﬂ

21 21

/ /
in out

Now, Agi(z,u)Ag(u, w) is analytic for u inside X, since z,w € ¥, hence the first

integral is 0. On the other hand, for z,w € ¥, Aoo(z,u)A1p(u, w) is analytic for u

/
out?’

on the right of the contour > ,, except for the simple pole at u = w. By using (4.68)

one can compute the residue at u = w and rewrite (4.99) as

d
(4100) 0+ AOQ(Z, "LU) + / Aoo(z, U)Alo(u, w)—u
Cr 2mi

where R is some positive number larger than |w|, and Cg is some contour outside
of {z;]z| = R} which satisfies (4.18). Finally, taking R — oo and noting that
| Ago (2, u) Aro(u, w)| = O(Ju|~?), we find that (4.98) holds when z,w € ¥,,. For
other cases of z and w the proof is similar and we skip the details.

Now we show that

(4.101) / / 1L (2, w) 2dz]dw] < oo,
;nUE;ut Einuzout
and
(4.102) / / Loz, w) 2 dz|[dw| < oo.
YinUXout E;nUZ;ut

If 2 € ¥pp,w € ¥, we have |Ly(z,w)| = O(|w|_%/) as w becomes large by

out?’

condition (C2) and the fact that ng¢(w) = Lw — % logw + O(1) as w — oo. Since

N > X>1, Li(z,w) is square integrable on ¥;, x ¥/ .. Similarly if z € ¥,,;,, w € ¥/

out* mn?

we have |Ly(z, w)| = O(|z| 2~ 2). Hence (4.101) follows if we show that

(4.103) / / |Li(z,w)|*|dz||dw| < oo.
! Sout

out
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For this purpose, we observe that

e MO (Fy(2) Golw) — Fo(w)Go(2) _

w—z

(4.104)

(Jzw] ™)

when z,w € Q4 tend to infinity. This follows from (4.62), (4.63), the proper-

ties R(z) = I + O(|z|™!) and B(2) = 1+ O(]z]™"). As a result |Li(z,w)| =

A

O(|z|_1_5|w|_%,) for z € Yo, w € X!

out*

This implies (4.103) and hence (4.101)
is proved.

We now prove (4.102). If z € 3

but» W € Xjp, a calculation as before implies that

N -3

(4.105) | Lo (2, w)| = O(|2| 2

).
Since N < 2, La(z,w) is square integrable on ¥ x¥;,. Similarly if z € ¥ w € 3,4,

!/

we have Ly(z,w) = O(|w|™"). Finally, consider the case when 2z € ¥/ ,,

w € Zout-
The estimates on this case is more delicate. We have |Ly(z, w)| < C|z| = Y|w| 2|z —

w|™t < C|w|_%]z — w| ™! for some constant C. Notice that if w € ¥, large enough,

we have
/ 2wl 2|
20t N{23198(2) = S(w) [<log |w]}
C
(4.106) < / —12|dz|
Mz 1S(2) =S (w) | <log |w]} (log |w])
Cl
= log |w]’

where we used the facts that dist(w, > ,) = O(log |w|) and J(2) ~ z+ O(log|z|) by

out

the condition (C2) of X!

ut- We also have

|2 — w|™*|dz]
% NE1S(2) - ) [>log ]}

IA

/ 19(:) — ()| 2]
(4107) e 25S(2) =S (w) | >log [wl}

< 13(2) = S(w)|*d3(2)

& /

0 13 (2)~ S w) [>log o]}
_ G
~ log |wl”
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Therefore, by combing (4.106) and (4.107), we have

C
(4.108) / |z — w|?dz] < —2—
/ log |w]

out

for w € ¥, large enough, where C'5 is some positive constant. Hence

(4.100) / / Lo (=, w)2d2]|du] < oo
Yout Ef}ut

by the square integrability of [w|™/2(log |w|)™"/2 on Yoy (4.102) is proved by the
discussions above for the three cases.

Now /vAg\/v is a composition of two Hilbert-Schmidt operators, hence it is a
trace class operator. Notice that K itself is a trace class operator (see Remark IV.7),
VUAIVU = K — \Judo/v is also a trace class operator. K is the multiplication of
some bounded operators and a trace class operator \/vAg\/v, so it is trace class.
Proof of Claim IV.19 By expanding the Fredholm determinant det(1 + \/vA;1/v)
and using the properties (A1),(A2),(A3) of the kernel A;, one obtain Claim IV.19

immediately. O

4.2.2 Steepest Descent Analysis

In this section, we will use Proposition IV.17 to prove Theorem IV.3. We suppose
T = O(n) (see the Remark IV.2) and a = (1 + v)n for some positive constant . Set
M = 2\/an + x% where z € R is fixed. We will consider the asymptotics of
det(1 + K) when n — oo,

First we notice that we can remove the condition that >;,, >, are inside, outside
respectively, of the circle ¥,. In fact, K has no poles on %,. tr(K*) (k=0,1,---),
is independent of whether X;, U X, intersects X, or not. Moreover, if we change
the contours in some bounded region, K is still a trace class operator as long as the

two contours does not intersect in that region. This follows from a similar argument

with the claim that /vAg\/v is a trace class, where we just need to replace v by .
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In order to find the steepest descent contour of the kernel, we need to consider
the leading terms of R(z), ¢(z) and v(z).

For R(z), we come back to the Riemann-Hilbert problem IV.16. Notice that
the jump matrix is exponentially small except at a small neighborhood of ¢ and
€. Moreover, the difference of the jump matrix vgz and I decays fast enough as it

—M/2

behaves like z . By using the standard Riemann-Hilbert analysis([32]), we know

(4.110) R(z)=1+0(n™")

uniformly for z with O(1) distance to the jump contours of R(z), i.e., uniformly for

z satisfying dist(z, IV U T, U Toue1 U lur2) > C where C' is some positive constant.

We define
M
(4.111) W(z) = o (log(z) —log(s)) -
Therefore
€2n1/1(z)7 z € Zm,
(4.112) B(z) =

6—2nw(z)’ A Zout-

Denote by 1.(z) = /a/n(log(z) — log(s)) the leading term of ¢ (z). Then z, :=
R(€) = 4= is the double critical point of the function ¢(z) + 1.(2). In fact,

d _TVE-OE-8 2y
T (0(2) + l)) = 5 AR SV
T

= (VE=27 + S +9(9)

C 2nz

(4.113) T(z— z)?

2z (/2= 2P T SEP - 3(0))

T3
- _8a1/2n3/2(a “n) (z = 2)* + O(|z — z°)

as z — z.. Here the notation O(|z — z.|*) means the term is bounded by C|z — z.|?

where C' is independent of both z. and n.
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Now we pick

(4.114) r=|s| = zeent RO,
Then
(4.115) R((z) +¥(2)) = 0.

By using (4.113) we have the following expansion in a small (but still O(1) with

respect to n) neighborhood of z.

(4.116)

. T T
¢(2) +9(2) = ier + 2573a1 /oI5 (q — 1) 1/3 (z = 2) = 240232 (q — n)(

z— 2)?

+ 03z — 2% + O(]z — z|"),
where ¢; is some real constant.

Step 1: Selection of the Contours

Throughout this step, we use the notation ¢ to represent a positive constant which
is independent of N and z. This constant can have different values in different places.

Denote by L the open line segment from ¢ to &.

Recall that the set {z|R(¢(2)) = 0} consists of four segments. The segment which
intersects the interval (0, +00) and the segment which intersects (—oo, 0) are denoted
by I and I'y respectively. The union of the other two segments is denoted by I's.

We now show that I' does not intersect L, and, moreover, I' lies on the right of
L. Suppose that I' intersects L. Let z. + ¢\ be the intersection with the largest

imaginary value. Then R(¢(2p + @A) = 0 since 2y + iA € ['. On the other hand,

A

R(p(2ze +1iN)) = X\(g) %%(qﬁ(zc +it))dt

T A (e it — ) (ze +it —€)
20y t

(4.117)
dt.
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Notice that v/(z. + it — &)(z. + it — &) = /J(€)2 — 12 is real for t € [-S(€), I(€)].
This is positive if T', the part of I' from & to z. 44, is to the left of L, and is negative
if ' is to the right of L. In any case, we see that R(¢(z + i))) # 0. This gives a

contradiction. Hence I' does not intersect L. Now R(¢(z.)) > 0 since z. lies to the

right of T'; and z. € L. So \/(2e + it — &)(z. +it — &) < 0 for all t € (0, J(€)), which
implies I' is on the right of L. Thus, the intersection of I' and R is on (z., +00). See
Figure 4.5.

Denote by ¢(z) the new function obtained by changing the branch cut of ¢(z) to
Iy, ie., é(z) := —¢(2) if z in the region which contains +oo and is bounded by I'
and T'y, and ¢(z) = ¢(z) for all other z. See Figure 4.3. Recall that I’y does not
intersect the region Q3 U Q4. This fact makes qg(z) more convenience than ¢(z) since

our contours ;, and X, will be chosen in Q3 U 9.

Figure 4.5: The graph of TUT; UTy = {z|R(¢(z)) =0} and L

We first discuss the global picture of the set {z|R(4(z) + 1(2)) = 0} and its

relative location to the set {z|R(¢(z)) = 0}.
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Note that
ARG(:) + () _ TYE=OE-8+M
(4.118) dz 2nz )
— Z v (z—=&)(z—§&)+ () + 0(n72/3)
2n P ,

where the v denotes the square root function which is negative on R and is branch
cut is I'y. It is easy to see that R(¢ + ¥)(xo0) = —oo, and R(¢ + 1)(0) = +oo.

Moreover, R(¢ + 1) is monotonic in (—oco, 0) and in (0, +00).

For z € L,
$(2) + 1 (2) — Blze) — P(zc)
(4.119) :/ N(w—&z)éz— J+ M

(§)dt,

/%v%@ CTSEVI— B4 M
18
0

2n(z. + t3(£)1)
Since R(p(2.) + ¥(z.)) =0, M = TS(€) + O(n'/?), and T = O(n), we find that

S/ _ 7\ T
RO o) = [ T (e

TS(€)? /IQ(Z)I/%(S) —VT=82+1+0(nN-2/3)
2n  J, 22 +123(6)?

(4.120)

It dt.

Now it is easy to check that for any € > 0, there exists ng > 0 such that

(4.121) / V141400 %)

tldt >0
22 +123(€)? i

for all n > ng. Therefore we find that Ve > 0, there exists ng > 0 such that

(4.122) R(¢(2) +¢(2)) = R(o(2) +¢(2)) > 0,

for all z € L such that |z — z.| > € and for all n > n,.
Now we claim that there are at most four points in the intersection of I' U I'y U
Ty = {2|R(4(2)) = 0} and {z|R(4(2) + ¥(2)) = 0}. See Figure 4.7. Note that

the intersection is the same as that of R(¢(z)) = 0 and R(¢(2)) = 0. Note that
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{z|R(¢(2)) = 0} is the circle centered at the origin with radius  where r is defined
in (4.114). We have r > z. by (4.115) and R(¢(z.)) > 0, and also r < |¢| by (4.122)
and R(p(¢)) = 0. Consider the function H(6) := R(¢p(re??)). This function is
continuous at all § but the derivative is discontinuous at 6 if re? € I'. It is easy to

check that

(4.123) 0 = - (\/(rei(’ — &) (re? — 5)) )

Notice that (re? — &)(re? — €) is real only if § = 0,7, & arccos(R(£)/r), which
means (4.123) has at most four zeros. These zeros divide the circle into at most four
arcs. Since H(f) = 0 at the non-differential points, one can see that each closed
arc contains at most one zero of H(6). Hence, there are at most four points on the
intersection of {z|R(4(2)) = 0} and {z|R(4(2) + 1(2)) = 0}.

Now we are ready to sketch a graph of the set {z|R(¢(z) + ¥(z)) = 0}. This set
can be viewed as the integral curve of the vector field R((¢/(z) +1/(z))dz) = 0. Note
that the vector field has a pole at 0, a critical point at z., and it is discontinuous
along I'y. By the discussion after (4.118), {z|R(4(z) + 1(z)) = 0} intersects R at
exact two poins which are z. and a point on the left of the origin. Moreover, the
vector field is circular near 0. When z — z., by using (4.116), there are six rays of
R(p + 1) = 0 going out z, with angles +2, 42 4+ Each pair of neighboring rays
form a region, (if they intersect, we choose the first bounded region), we label these
regions from left to right the region R, Ro, R3, and Ry4. See Figure 4.6 for example.
Here by symmetry the region R, and R3 both represent he union of two regions
formed by the neighboring rays. Note that it might be possible that two regions turn
out to be the same one. For example, if the two rays with angles 7 and & meet, the
regions Ry and R4 are the same. The cubic behavior of <;~5 + 1) near z, implies that

§R(¢~> + 1) > 0 in the region R; and R3, and that §R(gz~5 + 1) < 0 in the region Ry and
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Ra.

By symmetry and a standard topological argument, the region I is bounded and
contains the origin.

By (4.122), L is contained the region R or R3. However, L is outside of the region
R1 near z.. It implies that L is contained in the region R3. Since the boundary
rays of the region R3 cannot intersect R except z., both of I' and I'y intersect the
boundary of the region R3. Hence we obtained at least four intersection points of
{2|R(4(2)) = 0} and {z|¢(2) + ¢(z) = 0}. By the discussion about the maximal
number of intersection points in the paragraph before (4.123), there are exact four
intersection points. Two points are on I' and the other two are on I'y. Therefore
the trajectories of {z|R(¢(z) + 1(2)) = 0} do not intersect I';, We can complete
the six rays going out from z. and obtain the Figure 4.6. These six rays actually
are all the trajectories of {z|R(4(z) + ¥(z)) = 0}. In fact, by a similar argument
to our previous discussion one can show there are at most four intersection points
of {z|R(d(2) + ¥(z)) = 0} and {z]|z] = R} for any R > [¢|. On the other hand,
the four unbounded rays in Figure 4.6 intersect with {z||z| = R} at exact four
points. For R € (r,[|¢]), we similarly have the formula (4.123) with r replaced by
R. Therefore for each arc divided by the critical points, I's cannot intersect twice
since the function is monotonic between two nearest intersecting points. We also
notice that I'y is bounded by I'y UT" and the rays going out z. with angles +7, +%,
therefore I'y cannot intersect the arc (divided by the critical points) at only one
point. Hence I'y does not intersect {z||z| = R} when R € (r,|{]), and there are exact
four intersection points of {z|R(¢(2) +v(z)) = 0} and {z||z| = R}, which are on the
rays in Figure 4.6.

Now we are ready to choose the contours ;, and X,,;. We pick the contour >,



84

Figure 4.6: The graph of R(¢(z) +

W(z)) = 0 Figure 4.7: New choice of X;, and X+

in the intersection of Q3 and the region R, and the contour ¥, in the intersection
of @ = O3 U Q4 and the region R3. See Figure 4.7. Then the kernel K decays
exponentially except near the double critical point z.. More precisely, we construct
the contours Yo = Xouro U Xour1 and X;, = X0 U X1 satisfying the following
conditions.

(1) 3 C Qs Lot C Q3 U Qy, and dist(X;, U Xour, Ly U Tour1 U Tour2) > ¢,

(2)Sin1 and X, are both in a disc centered at z. of radius cn=1/4.

B)R(=¢(2) + ¥(2)) > ¢, for all z € Epu2 N Qq. Moreover, R(—d(z) + ¥(z) —
% log z) = ¢ when z € 3,,: 2 goes to infinity.

(4) R(B(2) +Y(2)) > en™3/* for all 2 € Bpyr N Os.

BG)YR(p(2) +¥(2)) < —en™3/* for all 2z € Xy, 5.

The condition (1) and the second part of (3) are basically (C3) and (C2), which
are necessary to apply Proposition IV.17.

Now we pick X, 1 to be a smooth curve in {z; |z —z.| < ecn™/*} which behaves like

arg(z — z.) = +2 as |z — z| > O(n~'/%). Notice that ¢(z) + 1(z) ~ ic; — c(z — z.)?
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as Y < |z — 2| < n~Y4 by (4.116), therefore the endpoints of Y, ; is still in the
region Ry. We can construct X;,, = >, 2 U Xy, 1 by completing ¥, 1 smoothly in the
region Ry such that the condition (5) holds.

Similarly we can pick ¥,,:1 and ¥, 2 in the region R, satisfying the conditions
(1)-(4).

Step 2: Asymptotic Analysis

Now we are going to discuss the asymptotics of K (z,w) on ¥, UX,,. Note the
following:

(1) For all z € Xpue0 N Qs,
(4.124) e " Fy(2) = O(e™™
For all z € Xour2 N Qu,
(4.125) e Fy(2) = O(e™™).
Moreover, for z large enough on ¥,,;2 N Q4,

A
2

(4.126) e E R (2) = O(e™"272),

(2) For all z € ¥, 0,

1/4

(4.127) VB (2) = Ofe™™ ).

The above estimate is also valid if we replace F; by G.

(3) For all z € ¥,u¢1,
(4.128) MER(2) = 0(1)
(4) For all z € 3, 1,

(4.129) B R (2) = O(1).
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(5) The above estimations are also valid if we replace Fy by Gy, or replace F; by
G.

Therefore it is easy to check if any of z,w is in ¥;, o U ¥, 2, we have

- 1/4

(4.130) K(z,w)=0(e """ ).

By a standard argument of Fredholm analysis, we have

4

(4131) det<]‘ + K)|L2(Einuzout) - det(]' + K)|L2(Ein,luzout,1) + O(e_cnl/

Now we want to focus on f((z,w) when z,w are both in ¥;,1 UX,,1. We do the

following rescaling

2= 2,4+ 223t 5 (a — n)PT ¢,
(4.132)

w= 2 + 22/3a1/6n1/6<a _ n)1/3T—1777

where &, 7 are both in S\ = 272/3¢=1/6p-1/6(q — p) 13T (S, | — z,) and B =

out

2723q=1/6n=16(q — n) V3T (Sous1 — 2.). Then

(4.133) det(1 4 K(z,w)) = det(1 + K(€,1)),
where
(4.134) K(€,n) =23 501 5(q — n)' BT K (2, w).

We also notice that
(4135)  Blee+ 200t (@ — n) T = 0 4 O,

for all € € 2 U

out*

Then it is easy to check if &, 7 € 2 or £, € S we have

mn out

(4.136) K(&,n) = O(n~V12),
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If z € S but w € ), we have

out»

o (€)+ma (1)

(4.137) K(&n) = +O0(n~112),
n—g

where

1 £3
(4.138) me (&) == —zxl + =

2 6
Similarly, if z € 5 but w € ", we have

) _ ma(©)=ma(n)

(4.139) Rem =" 4 o),

n=<
Therefore det(1 4+ K) converges to Fgyg(z) and Theorem IV.3 follows, as what we

discussed at the end of subsection 3.3.



CHAPTER V

Identities on the Airy Process and Tracy-Widom
Distributions

5.1 Introduction and Results

It is believed that the Airy process A(t) is an universal limit of the spatial fluc-
tuations for models in the KPZ class. The limit theorem to the Airy process is es-
tablished for several special cases in 2-dimensional directed last passage percolation
(DLPP), 1+1 dimensional random growth, nonintersecting processes, and random
matrices. See, for example, [27] and the references therein.

The basic connection between the Airy process and the Tracy-Widom distribution
is that the marginal distribution of A(t) at a fixed t is Fgyg(z). The joint distribu-
tion at finitely many times is also explicit and is given by a determinantal formula
involving the Airy function. The Airy process is stationary but is not Markovian.

In addition to the above basic connection, there are interesting identities between
the supremum of a function of the Airy process and the Tracy-Widom distribution
functions.

Denote A(t) = A(t) — t2.

We first review two known identities. The first one is proved by Johansson in [52]:

teR

(5.1) P (22/3 sup A(t) < x) = Faop(z)

88
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for every x € R. The second one is proved by Quastel and Remenik in [67]

(5.2) P (sup A(t) < = — min{0, w}2) = G%Y(2)

t<w
for every w € R and = € R, where G%7!(z) is the marginal distribution function of
the process As_,; introduced in [22] (see (1.7) of [67]).

In this chapter, we present the following five new identities. If B(¢) is a Brownian

motion, denote
(5.3) B(t;w) = B(t) — 2v/2uwt.

Theorem V.1. (a) ([14]) Let AV (t) and AP(t) be two independent Airy processes.

Then

5.4 p<sup (0‘”3““%2/37“‘)*51/3*“2)(52/3”) <x> Four(x)
. = — I'GUE

teR (a+ B3
for every o, 8 > 0 and for every x € R.

(b) ([15]) Let A(t) be the Airy process and A(—t) be its time reversal, then

(5.5) P <sup <W> < x) = Faup(x)?

teR

for every x € R.
(¢) ([30, 15]) Let By(t),Ba(t),--- ,t > 0 be independent standard Brownian mo-
tions, then
A k A A
(5.6) P ( sup  (A(tg) + \/ﬁz Bi(ti;w;) — Bi(tizi;w;)) < x)
O=to<t1 <<t i=1

= F,fpikEd(x;wl, C W)

for every wy, . ..,w, € R and every x € R, where F,fpikEd(x; Wi, ..., Wwy,) is the distri-

bution introduced in [7, Formula (54)] and [6, Corollary 1.3].
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(d) (130, 15]) Let AN (t), A (t) be two independent Airy processes, Bi(t), Ba(t), -+ ,t >

0 be independent two-sided Brownian motions with B1(0) = By(0) = --- =0, then

(5.7)

>

k
P ( sup (s AV (o 5t,) + \/52 Bi(ti;w;) — Bi(siv;w;) + B3 A@ (87 5s;) < :17)
to<t1<---<tsp i=1

for every o, 5 >0, wy,...,w, € R and every x € R.
(e) ([30, 15]) Let A(t) be the Airy process and B(t) be the two-sided Brownian
motion with B(0) = 0, then

(5.8) P <Sup(fl(t) +V2B() + 4wy 1o — w_liso)t) < x) =  Fy(r;wi,w_)

teR
for every wy,w_ € R and every x € R, where Fy(x;wy,w_) is the distribution

function introduced in [16].

There are at least three different ways to understand these identities.

First of all, it is conjectured that there is a relation between the Airy process
and KPZ equation. More precisely, the Airy process is the limit of the solution to
certain specific stochastic heat equation, which arises from the continuum random
polymer. By using this relation, one can naturally obtain (5.1), (5.2) and (5.8). See
[66] for details. It will be quite interesting to understand other identities in the KPZ
language.

Second, as we mentioned in the introduction chapter, the Airy process is the
limiting process of the top curve of certain non-intersecting processes. Therefore (5.1)
means that the height of non-intersecting Brownian excursions converges to Foog

[77]. Similarly (5.4) implies the width of non-intersecting Brownian bridges converges
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Foug [14]. Tt is still open how to obtain other identities from the non-intersecting
models.

Finally, all these identities can be understood in solvable directed last passage
percolation (DLPP) models. DLPP models are defined as follows: Consider the
lattice sites Z%. Suppose each site is associated with a random weight w(i, j) for all

i,j > 1. Denote by II(n) the set of up/right paths from (1,1) to (M, N) and define

(5.9) G(M,N) max Z w(i, ),

7reH(M N)

which is called the (directed) point to point last passage time.

The DLPP model is a specific 2-d random growth model, which can be thought
as a randomly growing Young diagram [48]. When the entries are i.i.d. exponential
variables, this DLPP model is equivalent to the totally asymmetric exclusion process
[50]. There has been huge progress on the asymptotic behavior of the DLPP model.
The first breakthrough is [9] where the author considered the longest increasing
subsequence which is equivalent to the so-called Poisson DLPP model [5]. Then
[50] considered the DLPP model when all the entries are i.i.d. geometric variables
or i.i.d. exponential variables. In all the cases above, the limiting fluctuation of the
point to point last passage percolation is Tracy-Widom distribution Foyg.

Recall that Fgy g is the marginal distribution of the Airy process. In the DLPP
model with i.i.d. geometric or exponential entries, it is proved that the process defined
by the (rescaled) last passage time from one fixed point to multiple points converges
to the Airy process. More precisely, the process G(N + t,N — t),|t| < N after
rescaling converges to the process A, the Airy process minus a parabola, as N — oco.
This convergence is not only in the finite dimensional sense but also in the functional

limit sense [52].
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Besides the cases when all the entries are i.i.d.as we mentioned above, there
are also many results when the entries are not i.i.d.variables. For examples, the
asymptotics of G(M, N) was obtained in [17] when the entries contain certain re-
flective/rotational symmetry. [16] considered the Poisson DLPP with heavy weights
on the left and bottom edges, which is equivalent to the DLPP with i.i.d. geometric
variables except that the entries on the two edges are geometric variables of differ-
ent weights. [7] considered the DLPP model with i.i.d. exponential variables except
that the entries on the finitely many rows at the bottom are exponential variables of
different parameters. This result is also valid for the geometric variable case [47].

Now we explain how one can obtain the identities (5.1), (5.2), (5.4)-(5.8) in the
solvable DLPP models. The identity (5.2) can be obtained by considering a point-to-
half line last passage time by using the result of [22]. (5.4) arises naturally if one con-
siders the point to point directed last passage time with i.i.d. geometric entries in two
different methods. Similar considerations in the DLPP model with i.i.d. geometric
entries with reflectional /rotational symmetry give rise to (5.1) and (5.4). The identi-
ties (5.6) and (5.7) follow from the DLPP model with i.i.d. geometric entries in each
row where several finite rows are of special parameters. Similarly (5.8) follows from
the DLPP model with i.i.d. geometric entries except for the first row and the first
column.

The above explanation gives an indirect method to prove these identities. This
idea was first used to prove the identity (5.1) by Johansson [52]. In this dissertation,
we will modify Johansson’s approach and prove the identities in Theorem V.1 [14,
15, 30].

The proofs of (5.4) and (5.5) both use a functional limit result that the point to

the diagonal line last passage time in the DLPP model with i.i.d. geometric entries
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converges to A. And the proofs (5.6), (5.7) and (5.8) use a similar functional limit
result for the point to horizontal /vertical line last passage time in the same DLPP
model, which we prove in section 5.3. We only present the proofs of (5.4) and (5.6),

other identities in Theorem V.1 can be obtained similarly.

Remark V.2. A direct proof of (5.1) is given in [31] by using a new Fredholm deter-
minant formula of P(A(t) < g(t),t € [-T,T]) for a general function ¢g and constant
T > 0. This method also works for (5.2). It is interesting to find direct proofs of the

identities in Theorem V.1.

Remark V.3. In [30], the authors prove a so-called uniform slow decorrelation prop-
erty for the DLPP model with i.i.d. geometric entries. (5.6), (5.7), and (5.8) can be
obtained by using this property. However, in this dissertation, we only prove a weak

version of the property which is sufficient for the proof of these identities.

5.2 Proof of (5.4)

By symmetry we may assume a < 3. Let w(i,j), (i,j) € Z3, be independent
random variables with geometric distribution with parameter 1 — ¢, i.e., P(w(i,j) =
k)= (1-¢q)¢" k=0,1,2,---. The limiting fluctuations of G(M, N) are known to
be Foyg in [50] as M and N tend to infinite with a finite ratio. In particular, when

M =N = (a+ B)n,

(5.10) lim P

n—0o0

<G(<a + B)n, (a + B)n) — pla + B)n

o(a+ B)3nl/3 : JJ) = Fousle),

where

1/6 1/3
(5.11) “:1%6? o=1 Tjj? .

Consider the lattice points on the line connecting the points (1, 2an) and (2an, 1),

ie. £ :={(antu,an—u): |u| < an}. Anup/right path from (1,1) to ((a+p)n, (a+
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B)n) passes through a point on £. Considering the up/right path from (1,1) to a
point on £ and the down/left path from ((« + 5)n, (a + B)n) to the same point on

L (see Figure 5.1), we find that G((a + f)n, (o + §)n) equals

(5.12) max (G (an + u,an —u) + G?(Bn +u, fn — u)) + Err,

lu|<an

where G and G are two independent copies of G, and the error term Err comes

from the duplicate diagonal term w(an + u, an — u).

(a+p)n -
an
< (an+u, an-u)
0 an (a+p)n

Figure 5.1: Intersection of an up/right path with £

Consider G®(an + u,an — u) as a process in time u. For u of order n?3, it was
shown in [52] that the fluctuations of this process converge the Airy process in the

functional convergence. More precisely, if we set

1) -1 2/3 -1 2/31\ _
(5.13) HO®) ::G (an 4+ d~(an)**t,an — d~*(an)*/°t) uom7

o(an)l/3

and

GO(Bn + d (Bn)*/3, B — d~1(Bn)*%1) — uBn

(5.14) Hff)(t) = o(Bn)1/3

for |t| < d(an)'/3, where d := ¢/5(1 4+ ,/q)"*/3, then HY(t) converges to the Airy

process A (t) = A®(t) =2, i = 1,2. (We note that there is a typographical error in

g/ (Lt ya)!/?

the formula (1.8) in [52] where, in terms of our notations, o is changed to T

q1/6(1+\/§)1/3

=g — asin (5.11) which is also same as

However, the correct formula of o is
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in [50].) Note that the error term in (5.12) Err = O((logn)'*¢) with probability 1

as IV tends to infinity for any € > 0, therefore

lim P(G(N’N)_“N <:c>

N—00 O'N1/3 -

(5.15)
= i P ( max (o' PHP (a70) + BYHP (57%1)) < (a+ 5)1/%) .

N—o0 [t|<dan!/3

We obtain (5.4) if we prove that

lim P ( max (al/ngll)(oz_Q/gt) + 61/3H7(L2)(ﬂ_2/3t)) <(a+ ﬂ)l/?’m)
n—00 [t|<danl/3

=P (max (a2 AW (@ 200) 4 BYAG (B720)) < (a+ 5)1/3;1;) .

teR

(5.16)

In [52], a similar identity

(5.17) lim P ( max H,(t) < :c) =P (max A(t) < x)

n—00 |t\<dn1/3 teR
was proved as a part of the proof of (5.1). We proceed similarly and use the estimates

obtained in [52] .

Set
(5.18) Xor = (a+ B)7F - max (o PHD (070 + P HD (57°1))
and
(5.19) Yor = (a+8)7 - max (o' PHD (@7 + B H2 (57P1)
Since

]P)(an* S I)

(5.20) >P ( max (a1/3H(1)(a*2/3t) + 51/3HT(L2)<572/375)) < (a+ 5)1/31’)

|t|<danl/3
> ]P)(Xn,T < l’) — IP)(YWT > ZL’)
for all large enough n for each fixed T', (5.16) follows from the following three prop-

erties:
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(a) For each € > 0, there are positive constants Ty and ng such that P (Y, r > z) <e

for all T' > Ty and n > ny,
(b) For each fixed T, P (X, r < z) = P(Ar < x) as n — oo.
(c) Finally, P(Ar < s) - P(A, < ) as T — 0.

Here

(621 Api= (ot )7 max (0 PAD () 4 5UOAR (570))

[t|<T
and A, is the same random variable with the maximum taken over ¢t € R.

A functional limit theorem to the Airy process was proved in [52] (Theorem 1.2).
This means that H.” (t) = AD(t) at n — oo in the sense of weak convergence of the
probability measures on C[—T,T] for each fixed T. Hence the property (b) follows
a theorem on the convergence of product measures ([21], Theorem 3.2).

The property (c) follows from the monotone convergence theorem since {A,, <
s} = Npso{Ar < s}

For the property (a), we use the estimates (5.19) and (5.20) in [52]: there are

positive constants C' and ¢ such that

P ( max HY(a?3t) > M)

(5 22) T<t<logn
S /OO e*C(M*1+x2)3/2dx + C/'OO €7x3dx
a=2/37-1 a=2/37-1
and
(523) IED (maX H’r(lZ) (Q{_2/3t) > M) S C’ne—C(lOg’n)3
t>logn

for all M. Therefore, taking M = a~'/3(a + B)'/3s/2, for any € > 0, we have

-1/3 1/3 17(3) /- —2/3 8 €
(5.24) P ((oz—i—ﬂ) max o H(a™%7t) > 2) <3

if T, n are both large enough. This proves (a).
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5.3 Proof of (5.6)

5.3.1 Two Lemmas on the DLPP Model with i.i.d. Geometric Random Variables

Consider the following DLPP model: each site (i, ), 4, j € Z is associated with an
i.i.d. random geometric variable with parameter 1 —gq, i.e., P(w(i, j) = k) = (1 —q)q*

for k =0,1,---. Define

G(N +d 'N?53t,N — d"*N?/3t) — uN

(5.25) Hy(t) == e

for all [t| < AN/, and

- G(N — 2d7'N?/3t N) — u(N — d~* N?/3t)
(5.26) Hy(t) := 7

for all t < dN2—1/3. Here d = ¢'/5(1 + ,/q)"%*3, and p, 0 are defined in (5.11). It is well

known that

~

(5.27) Hy(t) — A(t)

in any fixed interval [—7',T] in the sense of weak star topology on C[—T,T.

We need the following two lemmas about Hy and Hy:

Lemma V.4. Suppose 0 < A < 1 be any fized constant. For any e > 0,x € R, there

exist some constant No := No(€, A\, x) and My := My(e, \, z) such that

(5.28) P <maX(HN(t) + At?) > x) <e

[t|>M

for arbitrary N > Ny, M > M,.

Lemma V.5. For any fized T', we have

~

(5.29) lim Hy(t) — A(t)

N—oo

in [=T,T], in sense of weak star topology on C|—T,T].
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Proof of Lemma V.4. The case when A\ = 0 is proven in [52]. And it is possible to
modify the proof for the case A € (0,1). However, we use a different technique to
prove this lemma. This specific DLPP model has a called Gibbs property of point
to diagonal line last passage time, which is proven in [30] by using the techniques
developed by [29]. It claims that if we have three collinear points (K, M;), (K2, M)

and (Kg,Mg), (Kl < K; < Kg), then

IP’( max G(N—j,N—i—j)le)
(5.30) JEK1, 5 (K1+K2)]
<2P(G(N 4 Ky, N — K3) > My) +P(G(N + K3, N — K3) < M),
where ¢ € (0,1) is any fixed constant. We will use this property to prove Lemma
V4.
Consider the following collinear points
(A N?Bt,uN + o NV3(z — Nt +1)%)),
22y,

(A7 N?P(t 4 6), uN + o N3 (z — (2 = \)(t + 1)?)).

(5.31) (d'N?3(t +2), uN + o N3 (z —

By using (5.30), we have

(5.32)

IP( max G(N +s,N —5s) ZMN+0N1/3(x—/\(t+1)2))
d—1N2/31<s<d=1N2/3(t+1)

< 2P (G(N +d 'N*B(t+2),N —d 'N?2(t +2)) > uN + oN'/3(z — %(t + 1)2)))

+P(G(N +d'N*3(t +6), N —d'N*3(t +6)) > uN + oN'3(z — (2 = \)(t + 1)?)) .

The following tail estimate of Hy(s) is known (Claim 5.7 [52])
(5.33) P (Hy(s) > y) < e cwts)™?

for all s> +y > M; and N > N;, where M;, N; are both large enough and ¢ :=
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¢(M7y, Ny) is a positive constant which only depends on Mj, N;. Therefore

(5.34)

A2

P (G(N +d 'N*B(t+2),N —d 'N?3(t +2)) > uN + oN'/3(z — (t+ 1)2))>

< pmelat A2

Suppose t < log N. By Theorem 1.1 [10] we have when N is large enough (N > N

for example)

/003

(5.35) P (Hy(t+6) < —y — (t +6)°) < e

uniformly for y € [L,6N?/%] and t < log N, where L is a constant independent of IV,

and ¢ is a positive constant independent of ¢. Therefore
(5.36) P(Hn(t+6) <z—(2-XN)(t+1)*) < e~ ¢ (@=N)(t+1)*—(t+6)> —x)°

if (2—-N(t+1)2—=(t+6)2—2>L Note A<1,(2—N)(t+1)2—-(t+6)2?—x>L
always holds if ¢t > M; > My = My(\, z).

By plugging (5.34) and (5.36) into (5.32) we have

(5.37)

P max Hy(s)+ A(t+1)2 > 2 ) < 20 @HTP O | md(@E2 107 )
t<s<t+1 - -

for arbitrary N > max{Ny, No} and M; <t <log N. Hence

(5.38)
P( o (Hy(s) 407 20) € 3 (2eeer POm 4 et wsor )
M, <t<log N - - hayy!
=M

for all N > max{Ny, No} and M; > My(\, z). Since the above sum is bounded,

there exists M3 = Mj(e, A, x) such that

N |

M<t<log N

(5.39) ]P’( max (Hy(t) + M%) > x) <
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for all N > max{N;, No} and M > Mj.

Now we apply (5.33) again,

(5.40) P ( max (Hy(t) + )\t2) > x) < Ne—clzt(1-2)(og N)?)3/? -

€
t>log N -2
when N > N3 = Ns(e, A, x).

(5.39) and (5.40) imply that
2
(5.41) P (%%((HN“) + At7) > a:) <e

for all M > My(e, \,z) and N > Ny(e, A, x).
By symmetry Lemma V.4 follows.

]

Proof of Lemma V.5. In [30], the authors proved the so-called uniform slow decor-
relation, which asserts that Hy(t) — Hy(t) — 0 uniformly in [-7,7] as N tends to
infinity. Therefore Lemma V.5 follows immediately from the uniform slow decorre-
lation and (5.27).

For this specific case, we give an independent proof. This proof can be modified

to prove the uniform slow decorrelation mentioned above, see [30] for more details.

Define
(5.42)

G(N —d 'N?*3Q2T +1t), N —d 'N?3(2T —t)) — u(N — 2d~*N?/3T)
H(N,—) (t) = 0'N1/3 )
and
(5.43)

G(N +d 'N?32T —t), N+ d 'N?3(2T +t)) — u(N + 2d-*N?/3T)
Hn)(t) =

oN1/3
for all t € [=T,T]. By (5.27), both processes Hy 4 are tight. Together with the

slow decorrelation property [28] we have the following: for any given €,y > 0, there
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exist 6 > 0 and an integer Ny such that

(5.44) P ( max |Hn+)(t) — Hna)(s)] > v) <€

‘t|,‘S|ST,|S*t‘S5

hold for all N > Ny. Here the two indices + are not necessary the same.

Now we compare lfIN with H(y ). Note that

G(N —2d"*N?3tN) > G(N — d"'N?3(2T 4+ t), N — d"'N?3(2T — 1))
(5.45)
+ Gn_a-1n2sarsn N—da- N2 ar—iy (N — 2d7 NPt N),

where G(; (7', j') denotes the point to point last passage time from the site (i, j) to

the site (¢/, 5'). Together with (5.35) we immediately obtain
(5.46) P (FIN(t) — Hy (1) < —’y) < eV

uniformly for ¢t € [-T,T] and N large enough.

Similarly we have
(5.47) P (ﬁN(t) — Hinp(t) > 7> < e’V

uniformly for ¢ € [=T,7T] and N large enough. These two inequalities and (5.44)
imply the tightness of Hy(t). Note that (5.29) holds in the sense of finite dimensional

distribution [28]. Therefore it holds in the sense of functional limit. O

5.3.2 The Proof of (5.6) by Using Lemmas V.4 and V.5

Now we prove (5.6). We only prove the case when k = 1. The case when k > 1 is
similar.

Consider the point to point last passage time from (1,1) to (N, N+1) in the DLPP
model with entries w(i, j), which are independent geometric random variables with

parameter 1 — /g(1 — 2wo 'N=13) (if j = N+1)and 1 — ¢ (if j = 1,2,--- , N).
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This model has been considered in [6, 47] and the limiting fluctuation of G(N, N +1)

is given by

(5.48) lim P

N—oo

G(N,N +1) — uN
O—NI/S

< a:) = FEpibed (g qp).

Now we evaluate G(N, N +1) in a different way. Note that any directed path from
(1,1) to (IV, N+ 1) will intersect the line {(i, N)|[i = 1,2,--- ,N}. Then G(N,N +1)

can be written as

(549) G(N, N + 1) = H;aXN (G(’l, N) + SNJrl,i)

=1,
where Sy1-; = w(i, N+1)+---+w(N, N+1) is the sum of (N +1—1) i.i.d. random

geometric variables. Therefore

(5.50) P (G(N’N 1) = pl < a:) =P ( max  Hy(t) + Py(t) < w) :
te|

oN1/3 0.aN1/3
77]

where

Sipaq-rness — pd ' N?/?
(5.51) pN(t) = SN/

Note that by Donsker’s Theorem, we have
(5.52) Pn(t) = V2B(t)

in any fixed interval [0, 7] in the sense of weak star topology on C[0,T], as N tends
to infinity.
Similarly to the proof of (5.4), it is easy to show (5.6) follows from Lemma

V.5, (5.52) and the following claim.

Claim V.6. (a) For any € > 0 and X\ € (0,1), there exist positive constants Ty and

Ny such that

(5.53) P (max (ﬁN(t) + )\t2> > f) <e

>T
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for all T > Ty and N > Nj.

(b) For any € > 0, there exist positive constants Ty and Ny such that

(5.54) P (max (Pa(t) = M%) > f) <e

t>T 2

for all' T > Ty and N > Nj.

The rest is to prove the Claim V.6. (b) is easy by the property of shifted Brownian
motion, so we leave it as an exercise. For part (a), the key idea is to compare Hy ()
with Hy(t), where Hy(t) is defined in (5.25) in the DLPP model with random
i.i.d. geometric entries such that the entry at (i,7),1 <4,j < N, is exact w(i, j).

Since

G(N — d*N?3t, N 4+ d"'N?*3t)
(5.55)

> G(N = 2d7'N*%t, N) + Gy _pg- 1525y (N — d'N?/3t, N + d7'N?/%),
where @(ivj)(i’,j’) denotes the point to point last passage time from the site (7, ) to

the site (', 7/) in the DLPP model with random i.i.d. geometric entries with parameter

1 — ¢, we immediately have
(5.56)

P <max(ﬁ1N(s) +A2) > g) <P (rngg((HN(t) ) > T 1)

t>T 2

+P ( min (é(N_Qd,lNQ/gt,N)(N —d 'N?3t, N + d ' N*3¢t) — udN2/3t> < —0N§> .

aN1/3
T<t<=H5—

On the other hand, the lower tail estimate (5.35) implies
(5.57)

P < min (G(Nde_lNQ/gt,N)(N — dIN?Bt, N + dIN*3¢t) — udNQ/?’t) < —O—N§>

TStS dN21/3
< Ncde ™™
for large enough N, where ¢, ¢ are both positive constant independent of N. Com-

bining the above estimate and Lemma V.4, we obtain (5.53).
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